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Abstract

In finite perfect information extensive (FPIE) games, backward induction (BI) gives
rise to all pure-strategy subgame perfect Nash equilibria, and iterative elimination of
weakly dominated strategies (IEWDS) may give different outcomes for different orders
of elimination. Several conjectures were recently posed in an effort to better understand
the relationship between BI and IEWDS in FPIE games. Four of these problems regard
binary voting agendas with sequential voting and two alternatives. Those problems are:
(1) Assuming no indifferences, is the BI strategy profile, "always vote for my preferred
alternative”, guaranteed to survive IEWDS using exhaustive elimination? (2) Does any
order of [IEWDS leave only strategy profiles that generate paths of play consistent with
BI? (3) Does there exist an order of IEWDS that leaves only strategy profiles that
generate paths of play consistent with BI? (4) Does any order of IEWDS leave at least one
strategy profile that generates a path of play consistent with BI? This paper proves all four
conjectures. Moreover, the first conjecture is generalized to agendas with indifferences,
the second and third conjectures are shown to not hold for binary voting agendas with
more than two alternatives, and I comment on additional results related to the last three
problems.
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1 Introduction

Binary voting agendas are some of the most fundamental voting procedures. A finite
number of alternatives are paired together to be voted on in a tree, where each node in
the tree represents a majority vote between two alternatives. The vote at any point in
the tree may be decided by simultaneous voting or sequential voting. In the case of
simultaneous voting, the tree represents a finite imperfect information extensive game.
Using sequential voting would define a finite perfect information extensive (FPIE)

game ([2]-[4], [8], [9D).

FPIE games are well-understood. Backward induction (BI) gives rise to all pure-
strategy subgame perfect Nash equilibria of the game, and iterative elimination of
weakly dominated strategies (IEWDS) may give different outcomes for different orders
of elimination. To understand the relationship between BI and IEWDS in binary voting
agendas with sequential voting, one must first understand this relationship in the case of
two alternatives. Duggan ([1]) recently posed four open problems related to this
question: (1) Assuming no indifferences, is the BI strategy profile, “always vote for my
preferred alternative”, guaranteed to survive IEWDS using exhaustive elimination? (2)
Does any order of IEWDS leave only strategy profiles that generate paths of play
consistent with BI? (3) Does there exist an order of IEWDS that leaves only strategy
profiles that generate paths of play consistent with BI? (4) Does any order of IEWDS
leave at least one strategy profile that generates a path of play consistent with BI? This
paper presents solutions to all four conjectures and additional results related to these
problems. I have also addressed one of Duggan’s other conjectures on the relationship
between Bl and IEWDS in FPIE games in [5].

Depending on the assumptions made on the form of the FPIE game, one can
demonstrate various correspondences between the results given by BI and IEWDS.
While some BI strategy profiles may always be eliminated by IEWDS, and each BI
strategy profile may be eliminated by some order of IEWDS ([10]), for a large class of
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games satisfying transference of decision-maker indifference (TDI), all orders of
IEWDS leave only strategy profiles that give rise to the unique BI payoft vector ([6],
[7]). A game satisfies TDI if when some player is indifferent between two strategy
profiles that differ only in that player’s choice of strategy, all other players are
indifferent as well.

When there are no indifferences in binary voting agendas with two alternatives, TDI
is satisfied, and IEWDS gives rise to the unique majority-preferred alternative. Though
there need not exist a BI strategy profile that survives every order of IEWDS for
arbitrary FPIE games, here we might wonder if the BI strategy profile where each
player always votes for his or her preferred alternative survives IEWDS for all orders of
elimination. The answer is negative ([1]) as the following example illustrates:

1

(I have omitted the decision nodes for player 3 that always lead to the same payoff
because they are irrelevant). Suppose all players strictly prefer a to 5. Then one order
of IEWDS is to first eliminate strategies ab and bb for players 2 and 3 and then
eliminate strategy a for player /. Thus always voting for one’s preferred alternative
need not survive IEWDS, though in this example, such a strategy profile would survive
IEWDS if all weakly dominated strategies were eliminated at every round (exhaustive
elimination).

But not all BI strategy profiles will survive exhaustive elimination either. In the
above example, (a, ba, aa) is a Bl strategy profile, but strategy ba for player 2 is
eliminated in the first round of exhaustive elimination. These results motivate the
following question ([1]): Assuming no indifferences, is the BI strategy profile, “always
vote for my preferred alternative”, guaranteed to survive IEWDS using exhaustive
elimination?



If some voters are indifferent between the two alternatives, TDI no longer holds,
and the BI outcome might not be unique. The outcome selected by BI is unique if and
only if an absolute majority of players strictly prefer one alternative to the other. Since
TDI may not be satisfied, we no longer know if an arbitrary order of IEWDS leaves
only strategy profiles that generate paths of play which select an outcome consistent
with BI. In fact, unlike the case with no indifferences, here some BI strategy profiles
might not survive IEWDS for any order of elimination. For example, if we consider the
above 3-player voting agenda where players / and 3 are indifferent and player 2 strictly
prefers a to b, in every order of IEWDS, the only strategies eliminated are ab, ba, and
bb for player 2. Thus the paths of play consistent with the BI strategy profiles, (a, ba,
aa), (b, ab, ab), and (b, bb, ab) are never realized after IEWDS. This leads to the
following questions: Does any order of IEWDS leave only strategy profiles that
generate paths of play consistent with BI? If not, will at least one such strategy profile
survive any order of IEWDS? Will some order of IEWDS leave only strategy profiles
that generate paths of play consistent with BI ([1])?

2 Notation and Definitions

This paper deals with games of the form
G=Xx au),

where X is a finite set of nodes, x” e X is the initial node, oz X1{x"} = X is the anterior
node function, 7' = X\a(X) is the set of terminal nodes, - X\T' 2 {1, ..., n} is the player
function, and u: T =2 R" is the payoff function. For xeX\T, A(x) = {y eX|a(y) =x}
denotes the actions available at x. A strategy for player i is a cross product of actions at
all nodes x where #(x) = i. For any strategy profile, s, u(s) denotes the payoff function
at the terminal node reached when s is employed. The depth of x, d(x), is the deZ
satisfying ad(x) = x, and the depth of G, d(G), is the maximum depth of any of its
nodes. For any node, x, SG(x) denotes the subgame rooted at x.

For binary voting agendas with two alternatives, #(x) = d(x) + 1, and the actions
available at any non-terminal node are to vote for either @ or b. We assume the number
of players, n, is odd to eliminate ties. The payoff vector at a terminal node is u if the
majority of voters voted for a, and u” otherwise. These u° are the n-tui)le of payoffs to
each player, u;°, resulting from the selection of candidate c¢. If u,” > u;’, player i strictly
prefers a to b. If u” = ul, player i is indifferent. Otherwise player i strictly prefers b to
a. If player i has strict preferences, let i" denote player i’s preferred candidate and i
player i’s less preferred candidate.

A strategy for player i, s;, is weakly dominated in a set of strategies, S, if there exists
another strategy for player i in S, s;, such that u(s;, s.;) > u(s; s.;) for some opposing



strategies, s_; € S, and ui(si’, s4) = uls;, s;) Vs;eS. If S denotes the set of strategies in
G, IEWDS is any order of removal of strategies in S, S \Zl, ..., Z", where each strategy
in Z'is weakly dominated in S \ZI, e VAn Vk, and no strategies are weakly dominated
in S17’ , ..., Z". An order of elimination is exhaustive if each 7" contains all strategies
weakly dominated in S VAR

3 Results

Duggan ([1]) asked if the BI strategy profile, “always vote for my preferred
alternative”, is guaranteed to survive IEWDS using exhaustive elimination when there
are no indifferences. Here I demonstrate that this strategy profile is not eliminated even
if some voters are indifferent.

Theorem 1. In binary voting agendas with two alternatives, any strategy profile that
requires each player with strict preferences to always vote for his or her preferred
alternative is guaranteed to survive IEWDS using exhaustive elimination.

Proof. Suppose player i is to make a decision at an arbitrary node, x, in the game.
There are three possibilities: (1) Regardless of the decision made at x, all possible
strategies for the players yet to act result in the same candidate being chosen. (2)
Regardless of the decision made at x, there are some strategies for the players yet to act
that result in a being chosen, and other strategies that result in b being chosen. (3) If
player i makes one decision at x, all strategies for the players yet to act result in one
candidate being chosen, but if player i makes the other decision at that node, there are
strategies for the players yet to act that result in the other candidate being selected.

For each node, let 4 denote the number of votes received by candidate a thus far and
B the number of votes received by candidate 5. Consider the first round of IEWDS
using exhaustive elimination. Note that the tally (4, B) at x uniquely determines the
category in which x falls. If either 4 or B is greater than (n-1)/2 at x, x falls under
category (1). If both 4 and B are less than (n-7)/2 at x, x falls under category (2).
Otherwise x falls under category (3).

If player i is indifferent between a and b, no strategies for that player will ever be
eliminated in IEWDS. But if player 7 has strict preferences, some of player i’s
strategies may be eliminated by IEWDS. In particular, if x is a type (3) node, some
strategy s; for player i that specifies to vote for one candidate at x, say candidate c, will
be weakly dominated by a strategy s; that is identical at all other nodes but specifies to
vote for the other candidate at x: By making the best decision at x, player i can either
assure that i will be selected or eliminate the possibility that i" will definitely not be
selected. So u(s; | s.) = uds;, s;) Vs, and us; | s.) > ui(s;, s.;)) when (s;, 5.;) selects a
different candidate than (S,',, S_i).



Thus applying a round of IEWDS using exhaustive elimination will eliminate all
strategies that specify that player i vote for ¢ at nodes corresponding to a tally where it
has been determined that this decision is less favorable.

The above result indicates that after one round of IEWDS, the tally at any node, y,
still uniquely determines the category in which y falls. Thus for the second round of
elimination, again all nodes with certain tallies will fall under category (3), and by the
same reasoning, IEWDS using exhaustive elimination will eliminate all strategies that
specify that a player with strict preferences vote for a fixed candidate at nodes
corresponding to this set of tallies. Applying this reasoning over and over again, we see
that in every round of IEWDS using exhaustive elimination, the strategies that are
eliminated are those which require a player with strict preferences to vote for a fixed
candidate whenever a certain tally is reached.

Thus determining whether always voting for one’s strictly preferred alternative can
ever be weakly dominated amounts to determining if there is ever a tally at which
voting for one’s strictly preferred alternative is weakly dominated, as the above analysis
indicates that under IEWDS with exhaustive elimination, all nodes with the same tally
are treated the same way despite the different paths of play through which they are
reached. Suppose (4, B) is such a tally with player i’s turn to vote, and assume that
player i strictly prefers @ to . Now it need be shown that if (4, B) is a tally that falls
under category (3), then the tally (4+1, B) cannot necessarily lead to the selection of
candidate b, while the tally (4, B+1) might lead to the selection of a. Likewise, it must
be show that the tally (4, B+1) cannot necessarily lead to the selection of candidate a,
while the tally (4+1, B) might lead to the selection of .

Suppose (4+1, B) necessarily leads to the selection of b but (4, B+1) might lead to
the selection of @. Then there must be some path of play from the tally (4, B+1) where
candidate a receives more votes than candidate a receives in a path of play necessarily
leading to the selection of b starting from the tally (4+1/, B). Candidate a starts with
fewer votes at the tally (4, B+1) than at the tally (4+1, B). So if a path of play starting
from (4, B+1) is to ultimately lead to more votes for a than a path of play starting from
(4+1, B), there must be some player for which after the player has voted, the tallies on
both paths are identical. But this identical tally can be reached from the tally (4+1, B),
a tally which necessarily leads to the selection of ». Thus the tally (4, B+1) necessarily
leads to the selection of b, contradicting the original statement.

A symmetrical argument shows that the tally (4, B+1) cannot necessarily lead to the
selection of candidate a, while the tally (4+7, B) might lead to the selection of 5. Thus
we see that at every round of IEWDS using exhaustive elimination, we never eliminate
a strategy that requires a player to select his or her strictly preferred candidate at every
node. So any strategy profile that requires each player with strict preferences to always
vote for his or her preferred alternative is guaranteed to survive IEWDS using
exhaustive elimination when there are just two alternatives. m



Duggan ([1]) also wondered if, in binary voting agendas with two alternatives, [EWDS
leaves at least one strategy profile that generates a path of play consistent with BI
regardless of the order of elimination. Here I demonstrate that a similar result holds
under much more general conditions:

Theorem 2. In FPIE games where the player function is never the same at two nodes
of different depths, IEWDS always leaves at least one strategy profile that generates a
path of play consistent with Bl regardless of the order of elimination used.

Proof. Suppose by means of contradiction that there exists some such FPIE game for
which some order of IEWDS does not leave at least one strategy profile that generates a
path of play consistent with BI. Let d denote the minimum depth of the games
satisfying these properties, G one such game with depth d, and i the player who moves
at the initial node, x”. Since the player function is never the same at two nodes with
different depths, player i does not move at any nodes besides x’, and the strategies for
player i are the set of actions available at x”. Let x’, ..., X" denote this set of actions.

Each SG(x") for k=1, ..., m is itself a FPIE game where the player function is never
the same at two nodes of different depths. No SG(xk) has depth greater than d-1, so by
definition of d, any order of IEWDS applied to each SG(x") leaves at least one strategy
profile which follows a path of play consistent with BI in the subgame. Thus in
applying IEWDS to G, there will always remain a strategy profile for the players
opposing i, s;, identical to a strategy profile which follows a path of play consistent
with BI in each SG(x") for k=1, ..., m. Let u" denote the payoff received by player i at
each outcome reached by s.; in SG(x*), and 4™ the maximum of these u*. At least one
strategy for player i, s;, where u,(s;, s.;) = u™* must survive [IEWDS.

This (s;, s.;) must lead to a path of play consistent with Bl in G. To see this, note
that a path of play is consistent with Bl in G if two things happen:

(1) The path of play is consistent with Bl in SG(xk), where x* is the node of depth /
reached by the path of play.

(2) For each x* there is a minimum payoff for player i amongst the paths of play
consistent with Bl in SG(xk). The path of play must also give a payoff to player i that is
at least as high as the maximum of these minimum payoffs.

(i, 5.7) follows a path of play consistent with BI in each SG(x*) for k=1, ..., m, and u™*
is greater or equal to the maximum payoff in (2). Thus both of the above conditions are
met, and any order of IEWDS applied to G leaves at least one strategy profile that
generates a path of play consistent with BI, a contradiction that proves the desired
result. m



From this theorem the following result follows immediately:

Corollary 1. In binary voting agendas with two alternatives, IEWDS always leaves at
least one strategy profile that generates a path of play consistent with Bl regardless of
the order of elimination used.

Proof. In binary voting agendas with two alternatives, the player function is never the
same at two nodes of different depths. Applying Theorem 2 gives the desired result. m

Finally I turn to Duggan’s question ([1]) of whether IEWDS must only leave strategy
profiles that generate paths of play consistent with BI in binary voting agendas with two
alternatives. Before examining this problem, first note that there may be no order of
IEWDS that leaves only strategy profiles consistent with BI:

1

Assume player 1 strictly prefers a to b and the other players are indifferent. In this case
IEWDS never eliminates any strategies for any players, as players 2 and 3 are
indifferent between all strategies, and neither of player 1’s strategies dominates the
other, since u;(b, ba, ba) > u;(a, ba, ba) and u,(a, ab, ab) > u;(b, ab, ab). So IEWDS
gives the original game for any order of elimination. But (a, ba, ba) is not a BI strategy
profile, so not all strategy profiles in the original game are consistent with BI. Thus
there need not exist an order of IEWDS that leaves only BI strategy profiles.

However, all paths of play in the above example are consistent with BI. For
example, the path of play reached by (a, ba, ba) is the same as that reached by (a, bb,
bb), a Bl strategy profile. In fact, we can prove the following general result:



Theorem 3. In binary voting agendas with two alternatives, IEWDS only leaves
strategy profiles that generate paths of play consistent with Bl regardless of the order of
elimination used.

Proof. Suppose by means of contradiction that there exists some binary voting agenda
with two alternatives, G, where some order of IEWDS leaves a strategy profile that
generates a path of play inconsistent with BI, and suppose there are n players in G. Let
t denote a terminal node reached by one of these paths of play inconsistent with BI, m
the smallest positive integer such that 7 is not consistent with BI in SG(<" (7)), yO =
d"(b), yl = o"!(¢), and y2 the node reached when z(yo) = i does not move to yl at yo.

Since ¢ is not consistent with BI in SG(3), but is consistent with BI in SG(3/"), all
paths of play consistent with BI in SG()°) must lead to the selection of i, and i must be
selected at #. Recall that in binary voting agendas with indifferences, BI selects a
unique candidate if and only if an absolute majority of players strictly prefer one
alternative to the other. By analogy, we see that in SG()°), Bl selects i~ as the unique
candidate if and only if the number of voters that act in SG()°) and strictly prefer i plus
the number of voters that have already voted for ;" at y2 is at least (n+1)/2.

If at least (n+1)/2 voters have already voted for i* at y°, any path of play which
reaches y° leads to the selection of i*. Otherwise, assume exactly (n+1)/2 - r voters
have voted for i at y°, where r is a positive integer. Then there are at least 7 players to
act in SG()°) that strictly prefer i to i". Consider the last such player to act, player A.
At nodes where exactly (n-1)/2 players have already voted for i ", player 4 will be able
to assure the selection of i by voting for i". Thus any strategy profile that survives
IEWDS and follows a path of play which reaches a node where player /4 has yet to act
and+at least (n-1)/2 players have already voted for ;" automatically leads to the selection
ofi .

Now suppose it has been demonstrated that any strategy profile that survives
IEWDS and follows a path of play which reaches a node where k& such players have not
yet acted and at least (n+17)/2 - k players have already voted for i~ automatically leads to
the selection of i". Consider the k+7" to last such player to act, player j. At nodes
where exactly (n-1)/2 - k players have already voted for i, player j will be able to
assure the selection of i by voting for i". Thus any strategy profile that survives
IEWDS and follows a path of play which reaches a node where player j has yet to act
and at least (n-1)/2 - k players have already voted for i~ automatically leads to the
selection of i". By induction it follows that any strategy profile that survives IEWDS
and reaches )” automatically leads to the selection of i ™.

Thus for any order of IEWDS applied to G there are two possibilities: (1) All
strategy profiles that follow a path of play which reaches y” are eliminated or (2) Some
such strategy profiles are not eliminated, but all strategy profiles that follow a path of
play which reaches y” and fails to select i are eliminated. Since we assume there is a



strategy profile that follows a path of play which reaches y’ and leads to the selection of
i” at ¢ and there are strategy profiles that follow paths of play which reach y° and lead to
the selection of i ", we do not eliminate all strategy profiles for player i which specify to
move to ) at y. Thus the first possibility can only hold if all strategy profiles that
follow a path of play which reaches )’ are eliminated. Since this is inconsistent with the
existence of paths of play that reach #, only the second possibility is valid.

Thus after some round of IEWDS, all remaining strategy profiles that follow a path
of play which reaches y” select /. After this round, any strategy for player i which
specifies to go from ' to )’ is weakly dominated by both the strategy identical at all
other nodes which specifies to go from y” to y” and any other strategies that weakly
dominate this second strategy. Therefore, regardless of what eliminations have taken
place, all strategies that specify to move from ' to y’ will be weakly dominated and
ultimately eliminated. But in this case no strategy profile which follows a path of play
which reaches ¢ survives IEWDS. This contradicts our assumption that such a strategy
profile exists, proving the desired result. m

While this result holds in the case of binary voting agendas with two alternatives, for
binary voting agendas with more than two alternatives, there may not be any order of
IEWDS that leaves only paths of play which select an alternative consistent with BI.
Consider, for example, a 3-player binary voting agenda where the players first vote to
accept or reject ¢. If ¢ is accepted, the game finishes. Otherwise the players vote
between a or b. Since the entire game is quite large, I depict only the parts of the game
relevant to my example:



Suppose the preferences follow the ordering u;* = u L= ul u’ > u = ws’, and us® >
uz’ > ugb. Note that selecting candidate b is not consistent with BI since an absolute
majority of players strictly prefer c to b. Likewise the strategy profile (db, cb, da) does
not follow a path of play consistent with BI; da is not a best-response for player 3 when
players / and 2 employ the strategies db and cb respectively because player 3 would
receive a higher payoff by selecting strategy ca. But although (db, cb, da) selects a
candidate that is not selected by any BI strategy profile, this strategy profile is never
eliminated by any order of IEWDS: No strategies are ever eliminated for player / since

10



player / is completely indifferent between all outcomes. For player 2, ca always
affords the same payoff as cb, and cb weakly dominates both da and db since da and db
automatically lead to the selection of either a or . For player 3, da weakly dominates
db, and neither ca nor cb ever weakly dominate da since da leads to the selection of
candidate a against some opposing strategies, but ca and cbh automatically select c.
Thus the strategy profile (db, cb, da) always survives IEWDS, and in arbitrary binary
voting agendas, IEWDS may always leave at least one strategy profile that generates a
path of play that selects a candidate that would never be selected by BI.

Note that this example depends on the use of player indifferences. For arbitrary
binary voting agendas with no indifferences, TDI holds, and as noted by Duggan ([1]),
IEWDS leaves only strategy profiles that select the unique candidate consistent with BI.
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