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mean estimation. The ‘tick-exponential’ QMLESs are shown to be asymptotically nor-
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we show that the maximization of the ‘tick-exponential’ (quasi) log-likelihood can con-
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1. INTRODUCTION

The vast majority of the empirical literature in economics has traditionally focused on con-
ditional mean models, often using the quasi-maximum likelihood framework for estimation
and inference. The cornerstones of the asymptotic theory for quasi-maximum likelihood esti-
mators (QMLEs) have been set by White (1982), Gourieroux, Monfort and Trognon (1984),
Bollerslev and Wooldridge (1992), White (1994) and Newey and Steigerwald (1997). Virtu-
ally all quasi-maximum likelihood literature has since focused on the problem of conditional
mean and variance estimation, leaving behind other potentially interesting distribution char-
acteristics, such as its quantiles. Over the last decade however, there has been a growing
interest in the problem of conditional quantile estimation and inference, prompt by a rapid
growth in the empirical quantile regression literature in various applied areas of economics
(see e.g., Koenker and Hallock, 2000, for a review). Hence, the focus of this paper is the
asymptotic theory for conditional quantile QMLEs.

Since the seminal work by Koenker and Bassett (1978), several authors have provided
asymptotic distribution results for conditional quantile estimators obtained by quantile re-
gression (QR) under various dependence structures. In the context of linear models, for ex-
ample, results for independent random variables have been derived by Koenker and Bassett
(1978), for special cases of conditionally heteroskedastic processes by Koenker and Bassett
(1982) and Koenker and Zhao (1996), while a rather complete asymptotic theory for linear
quantile regression estimators with dependent data is due to Portnoy (1991). Treatment of
possibly misspecified linear quantile regression models with independent observations has
been recently proposed by Kim and White (2002). Fewer results are available in the context
of nonlinear models, with exception of censored quantile regression models, as treated by
Powell (1986) for example.

In this paper we consider possibly misspecified nonlinear conditional quantile models
that we estimate by using a quasi-maximum likelihood approach. We show that there is
only one class of QMLESs - class that we call ‘tick-exponential’ - which is consistent for the
parameters of a correctly specified model of a given conditional quantile. Moreover, the ‘tick-

exponential’ QMLESs are shown to be asymptotically normal with an asymptotic covariance



matrix that has a novel form, which takes into account possible model misspecification.
Hence, we propose a rather complete asymptotic theory for QMLEs of possibly misspecified
nonlinear conditional quantile models with dependent random variables, which, to the best
of our knowledge, has not yet been derived in the literature.

When compared with the existing QR results, there are several advantages in using the
QMLES for conditional quantile estimation. Firstly, the asymptotic distribution results de-
veloped here cover all previously obtained quantile regression results as special cases. They
are therefore applicable to both linear and nonlinear models, under a wide range of de-
pendence structures and they take into account model misspecification effects. Secondly,
a quasi-maximum likelihood approach provides a “directly” computable consistent estima-
tor of the asymptotic covariance matrix. This point is particularly relevant for empirical
applications, in which the computation of confidence intervals for QR estimators typically
involves different simulation or bootstrap techniques that considerably increase the com-
putational costs (see e.g., Buchinsky, 1995, Fitzenberger, 1997). Finally, the computation
of the QMLE can be easily carried out by transforming the initial maximization of a non-
differentiable (quasi) log-likelihood into a “minimax” problem involving continuously dif-
ferentiable functions allowing the use of standard gradient-based optimization techniques.
This computational advantage is particularly important in nonlinear conditional quantile
models in which linear programming techniques need to be replaced by more cumbersome
interior-point optimization methods (see e.g., Koenker and Park, 1996).

The remainder of the paper is organized as follows: Section 2 is an overview in which we
introduce the ‘tick-exponential’ family of densities. In Section 3 we show that for a QMLE to
be consistent for the parameters of a given conditional quantile, it is necessary and sufficient
condition to be built upon a density which belongs to the ‘tick-exponential’ family. In Section
4 we show asymptotic normality of ‘tick-exponential’ QMLEs and derive a novel form for
the asymptotic covariance matrix which takes into account model misspecification. The
practical implementation issues - optimization and consistent covariance matrix estimation
- are treated in Section 5, which concludes the paper. All technicalities regarding the proofs

as well as the assumptions used in the paper are relegated to the Appendix.



2. OVERVIEW

Consider a stochastic process X = {X; : Q@ — R""' n € N;t = 1,...,T} defined on
a complete probability space (2, F, Py) where F = {F;,t = 1,...,T} and F; is the o-field
Fi = 0{Xs,s < t}. In what follows, we partition the observed vector X; as X; = (Y;-1,Z})/,
where Y;_; € R is the scalar variable of interest and Z;, € R" a vector of exogenous variables.
We denote by ;1 and z; the observations of the variables Y; ; and Z;, respectively. The
variable Y; is assumed to be continuous and we denote by Fy; (resp. fo) its true conditional
distribution (resp. density with respect to a given measure v), which is unknown. By
convention, the subscript ¢ denotes conditioning on the information set F;.

Let Q. (Y;|F;) denote the a-quantile of Y; conditional on the information set F;, where
for a given value of probability level o € (0,1), a = Py(Y; < Qu(Y:|F:)|F:). The aim of this
paper is to study the asymptotic properties of a large class of estimators for Q,(Y;|F;) - the
quasi-maximum likelihood estimators (QMLE).

The approach used to construct the QMLE of the conditional a-quantile of Y; is analog
to those which are employed to estimate the conditional expectation of Y;. Let M denote
a model for the conditional a-quantile of Y;, M = {q*}, with ¢f*(W4,-) : © — R and where
W; is a vector of variables that are F;-measurable. In practice, W, consists of different
functions of (i) a subset of Z;, n-vector of exogenous variables, and (ii) lags of ¥; ;. In
finance, examples of different specifications for ¢f* are: Koenker and Zhao’s (1996) conditional
quantile model: ¢*(W3,0) = By+> 0, 8,Yi—i +01q, for a particular class of ARCH processes
where the conditional scale, o, satisfies o = vy + > 27, v;|Yij — By — 20 BiYijil;
Engle and Manganelli’s (1999) CAViaR model with first order representation: ¢*(W;, 6) =
Bo+ 01681 (Wy_1,0) +1(By, Vi1, ¢ 1 (Wi_1,0)), in which [ corresponds to some loss function;
Taylor’s (1999) and Chernozhukov and Umanstev’s (2000) linear VaR: ¢*(W;, 0) = W/60 and
quadratic VaR models: ¢*(W;,0) = W[5 + W, BW].

In what follows, we treat two types of situations, depending on whether or not the
model M is correctly specified. We say that M is correctly specified for the parameters
of the conditional a-quantile of Y; if there exists a k-vector fy in ©, © C R*, such that
(Wi, 00) = Qa(Yi|Fr), where Wy is a vector of variables that are F-measurable.



We want to estimate 6y by considering the class of quasi-maximum likelihood estimators,

9T, obtained by solving

T
— -1 o'
(1) g L(6) = 77 3ol (1 0)

where [; is a period-t conditional (quasi) log-likelihood of Y; given F;. It is a well know
result that different choices of [; affect the asymptotic properties of the QMLE 01 when
the object of interest is the conditional mean of Y;. Specifically, and under standard reg-
ularity assumptions, the QMLE provides a consistent estimate of the true parameters of
a correctly specified model of the conditional mean, {x,}, if and only if /; belongs to the

linear-exponential family, i.e. for y € R,

(2)  L(y,m) = expla(n) + b(y) + yee(n)],

where the functions a; : M; — R and ¢; : M; — R are continuous, M; C R, the function
b; : R — R is F;-measurable, and ay, b;, ¢; are such that [; is a probability density with mean
n. The QMLE obtained by solving maxgee 7" ZtT:l In Iy (yt, py(wy, @) in which [ is given
by (2) is consistent for the true value 6y of a correctly specified model for the conditional
mean even if other aspects of the conditional distribution of Y; are misspecified, i.e. the true
density fo, is not equal to l;(-, pt,(wy, 8)). This property was derived by White (1994), as a
generalization of the result proposed by Gourieroux, Monfort, and Trognon (1984). In this
paper, we derive an analog result for the case where the object of interest is the conditional
a-quantile of Y;. We start by defining the tick-exponential family of densities - family whose
role in the conditional quantile estimation is analog to the role of the linear-exponential

family in the conditional mean estimation.

DEFINITION 1 (TICK-EXPONENTIAL FAMILY) A family of probability measures on R ad-
mitting a density ¢ indexed by a parameter n, n € M;, M; C R, is called tick-exponential
of order a, o € (0, 1), if and only if: (i) for y € R,

o (y,m) = exp{—(1 — a)[a:(n) — b:(y)]L(y < 1) + alar(n) — c:(y)]1(y > n)},



where a; : M; — R is continuously differentiable and b, : R — R and ¢, : R — R are

Fi-measurables; the functions a;, b; and ¢; are such that for n € M;: (ii) p¢ is a probability

density, i.e. [, ¢2(y,n)dy = 1; (iii) n is the a-quantile of ¢, i.e. [7_(y,n)dy = a.

In other words, for a given value of probability «a, ¢f is linear-exponential “by parts”
where the two parts have different slopes, proportional to 1 — e and «, respectively. Note
that by setting di(y) = (1 —2a)™' - [(1 — @)b(y) — aci(y)] and g:(y) = a(l — a)(2a — 1)t -
[bi(y) — c(y)], we obtain an alternative expression for ¢f, given by ¢ (y,n) = exp{g:(y) —
(1 —a)]ac(n) — di(y)]1(y < )+ afa(n) — di(y)]1(y > 1)}, which has separately been studied
by Gourieroux, Monfort and Renault (1987) in the M-estimation context.? In a special case
when a;(n) = [1/(a(1 — @))]n and b(y) = c(y) = [1/(a(l — a))]y, the function In ¢ is
proportional to t,(y,n) = (a — 1(y < 7)) - (y —n), which corresponds to the ‘tick’ function,
also known as ‘asymmetrical slope’ or ‘check’ function in the literature. This is why we call

‘tick-exponential’ the family of functions defined in Definition 1.

PROPERTY 2 Let ¢f : R x M; — R be a tick-exponential density of order o, o € (0,1),
as defined in Definition 1. For every n € M,, the functions a; : M; — R, b; : R — R and
¢; : R — R then satisfy:

() ai(n) > 0;

(i) exp{—(1 = a)as(n) — b:(n)]} = (1 — @)a;(n);

(iii) exp{afa(n) — ()]} = a(l — a)aj(n);

(i) (1 = a)bi(n) + ac(n) = ai(n)-

Note that the last equality (iv) in particular implies that ¢ (-,n) is continuous on R.
In cases where the argument 7 corresponds to a function of a random variable W; and of
the k-vector of parameters 6, such as ¢*(W;, 6) for example, we further assume that for all

6 we have ¢*(Wy,0) € M, a.s.-Fy, and that the conditions of Definition 1 are satisfied for
i (Ve q5' (W3, 0)).



3. CONSISTENCY OF THE TICK-EXPONENTIAL QMLE

Let us now turn to the asymptotic properties of the QMLE based on tick-exponential
family of order a.. Let ¢ be a tick-exponential density of order «, as defined in Definition
1 and 7 the corresponding QMLE, solution to

T
(3) maxLe(f) =T ;m 5 (Yo, i (we, 0)).

The following theorem establishes consistency of 67. For the sake of clarity, all the assump-

tions used in this and the following theorems are grouped in the Appendix.

THEOREM 3 (SUFFICIENT CONDITIONS FOR CONSISTENCY) Let 01 be a tick-exponential
QMLE, obtained by solving the maximization problem (3). Under assumptions (A0)-(A5)
and (A7), éT £> 9[).

In other words, if [; belongs to the tick-exponential family of densities, the QMLE provides
a consistent estimate of the true parameters of a correctly specified model of the conditional
a-quantile of Y; despite distributional misspecification, i.e. even if the true conditional
distribution of Y; is not tick-exponential. Hence, we need not know the true distribution
of neither Y; nor the exogenous variables Z; in order to obtain consistent estimates for
the parameters of the conditional a-quantile of Y;. Even though the consistency result in
Theorem 3 is robust to distributional misspecification, it is only valid if the conditional
quantile model M = {¢g/*} is correctly specified (assumption (A0)), which may not always

be true. Under model misspecification we have the following result.

COROLLARY 4 (SUFFICIENT CONDITIONS FOR CONSISTENCY UNDER MISSPECIFICATION)
Let 0" = argmaxgee Lo(0) be the pseudo-true value of the parameter 0 when the model
M = {q'} for the conditional a-quantile of Y; is not correct, and let O be a tick-exponential
QMLE, solution to the maximization problem (3). Under assumptions (A1)-(A5) and (A7),

[N



Both consistency results are valid under standard regularity assumptions, which in gen-
eral can be classified in three groups: compactness, uniqueness and uniform convergence
assumptions. The parameter space © is compact by assumption (Al). The purpose of the
uniqueness assumptions is to ensure that 6y (or %) is the unique maximizer of the expected
log-likelihood Ly (#) = E[ln ¢ (Yy, (W4, 6))]. While this requirement is trivially verified for
0", it needs to be checked for 6y, under correct specification of the conditional a-quantile of
Y; (assumption (A0)). The uniqueness is achieved by imposing an identification assumption
on the conditional quantile model M = {¢;*} (assumption (A3)). The most delicate part of
the consistency proof relies on the uniform convergence assumptions. These need to ensure
(i) that the function In ¢ is uniformly continuous in 6 and (7i) that the stochastic process
{In¢¢} has certain dependence structure so that a uniform law of large numbers (ULLN)
can be applied. The first requirement is achieved by considering functions that satisfy the
Lipshitz condition, implied in the paper by (A2) and (A4). The second requirement is met
by imposing heterogeneity restrictions on the process {In¢®}. More specifically, we use
Andrews’ (1988) concept of L;-mixingales (assumption (A7)), which covers a wide range of
dependence structures for X;. Assumption (A5) ensures that {ln ¢} is moreover uniformly
integrable, which allows us to use the ULLN.

We now derive conditions which are necessary if we want a QMLE to be consistent for

the parameters of a given conditional a-quantile.

THEOREM 5 (NECESSARY CONDITION FOR CONSISTENCY) Let O be the QMLE obtained
by solving the mazximization problem (1) in which ¢(Wy,-) and Inl(Yy, ¢(Wy,+)) are con-
tinuously differentiable on © a.s.-Fy. Assume that (i) © is compact; (i) Lp(0) converges
uniformly in probability to Lo(0) = E[lnly(Yy, ¢ (W, 0))]; (i) Lo(0) is continuous; (iv) Lo(0)
15 uniquely mazximized at 6y. Then, a necessary condition for 01 to be consistent for the para-
meters of the conditional c-quantile of Yy, g (Wi, 0), is that l; be a tick-exponential density

of order a.

In other words, if we want the QMLE to be consistent for the true parameters of a
correctly specified model of the conditional a-quantile of Y; then we must choose a mem-

ber [; of the tick-exponential family. Note that Theorem 5 is not exactly the converse of



the result given in Theorem 3. In order to derive the necessary condition for consistency
we assume that ¢ (W4, ) and Inl(Y;, g (W4, -)) are continuously differentiable on © a.s.-F,
i.e. that for all (y;,w;) in some set A; of measure one, Py(A4;) = 1, we have ¢*(wy,-) and
Inly(ys, ¢ (wy, +)) continuously differentiable on ©. This property is for example satisfied
when for every 0 € O, d1nl;(y:, ¢ (wy, 0))/00 exists and is continuous for almost all (y;, w})’,
or when 01nl;(y:, ¢ (wy, 0))/00 has a finite set of discontinuities {0,;(y;)} where each df;/dy;
exists and is not zero. The remainder of the assumptions in Theorem 5 are the standard
consistency assumptions (7) - (iv). Note that under the additional differentiability assump-
tions we obtain the continuous differentiability of the expected log-likelihood Ly(€) and can
therefore write the first order condition, VyLy(6p) = 0, upon which is based the proof of

Theorem 5.

4. ASYMPTOTIC NORMALITY OF THE TICK-EXPONENTIAL QMLE

Let us now turn to the asymptotic normality of the tick-exponential QMLE @T, solution to
the maximization problem (3). The classical asymptotic normality results for QMLE require
that the log-likelihood function Lr(6) be twice continuously differentiable. The main idea
is to then use the first-order Taylor expansion of the gradient VyLr(f) around the QMLE
@T, which satisfies the first order condition V@LT(éT) = 0. This approach requires Lp(0)
to be sufficiently smooth, which is not the case with the tick-exponential family of densities
due to the presence of indicator functions in Definition 1. Indeed, under tick-exponential

assumption,

(4) Le(0) =T {=(1 = @)lae(g (i, 0)) = bi(yn)]1(ys < a7 (wi,6))

t=1

+alar (g (we, 0)) — ci(ye) | 1(ye > qf (we, 0))},

where the functions a;(+), b(-) and ¢;(-) are as defined in Definition 1. The non-differentiability
problem has prompt several authors to develop asymptotic normality results under a weaker
set of assumptions, generally requiring that VyLr(0) exist with probability one. Exam-

ples include Daniels (1961), Huber (1967), Pollard (1985), Pakes and Pollard (1989), Newey



and McFadden (1994). In the particular case of this paper, we assume that the function
g (Wi, ) : © — R is continuously differentiable on O a.s.-FPy (assumption (A4)), so that the
log-likelihood function Ly (6) is continuously differentiable on © with probability one, i.e.

for every 0 € O,
T

(5) VoLr(0) =T "> [ — H(gf(wy, 0) — yo))ay(g7 (wy, 0)) Vg (wy, 0),
t=1

exists and is continuous for almost all (y,w;);_; 5. The function H : R* — {0, 1} is the

.....

Heaviside function, i.e. H(z) =1if z > 0 and 0 if z < 0.

We now derive the asymptotic distribution of Or.

THEOREM 6 (ASYMPTOTIC NORMALITY) Let O be the tick-exponential QMLE, i.e. Op =
argmaxgeo T~ 301, In o (yy, ¢ (wy, 0)). Under assumptions (A0), (A1°), (A2’), (A3), (A4}’)
and (A5)-(A8)

VT (07 — 6y) — N (0, Ay "ToAg ),

where

Ao = —E[fo(q (Wi, 00)) - ay(ai' (Wi, 00)) - Vagy (Wi, 00) Vg (Wi, 00)']

and

Yo = —a(l — a)E[(ay(q) (Wi, 00)))? - Vg (Wi, 00) Vg (We, 0o)'].

Note that the assumptions imposed in Theorem 6 are stronger than the ones used for the
consistency of 6 in Theorem 3. We now require 6y to be an interior point of © (assumption
(A1’)). The functions a.(-) and ¢*(W4, -) are assumed to be twice continuously differentiable
(assumptions (A2’) and (A4’)), so that the gradient of the log-likelihood function, Vo Lz, is
stochastically equicontinuous. Similarly to the assumption (A7), assumption (A8) consists
of dependence constraints on the process X;, while by (A6) we constrain the true conditional
density of Y}, fo:, to be bounded and non-zero at the true conditional a-quantile ¢f*(W, 6y).

The result of Theorem 6 can easily be generalized by relaxing the correct specification
assumption (A0). As previously, we denote by 0 the pseudo-true value of the parameter

0, 0" = argmaxgpeco Lo(f), when the model {¢*} is not correctly specified. Under model

10



misspecification, 6" is a solution to the first order condition E[(a — H(¢}(Wy, 0%) — Y;)) -
ay(g(Wy, 0%)) - Vag (W, 0%)] = 0, but we no longer have E;[a — H(q*(Wy,0%) —Y;)] = 0, i.e.
a = Fo (¢ (W, 6%)), which is a stronger requirement. Hence, the asymptotic distribution of

O changes, as stated by the following Corollary.

COROLLARY 7 (ASYMPTOTIC NORMALITY UNDER MISSPECIFICATION) Let §* = arg maxgece Lo(0)

be the pseudo-true value of the parameter 6 when the model {qf*} for the conditional a-quantile

of Y is not correct. Under assumptions (A1’), (A2’), (A3), (A4’) and (A5)-(AS8),
VT (07 — 67) — N(0, A* I AL,

where

A* = —E[for(ar (W, 07)) - ay(gf' (W, 67)) - Voar (We, 67) Vg (We, 07)']
+E[(a = Fou(gr (Wi, 07)))
[af (g (W, 07)) - Vogg (Wi, 0 )Vogg (We, 67) + ay(gf (We, 67)) - Veogs (Wi, 67)]]

and

2" = EBl(0” — (2a — 1) Fou(q7' (Wi, 07))) - (ay(g (W2, 0°)))* - Vgi' (W, 0%)Veai' (W, 07)'].

The asymptotic distribution derived in Corollary 7 is a generalization of all the results
obtained by the previous literature on conditional quantile estimation. For example, let
a;(n) = [1/(a(1l — «))|n and b (y) = ¢ (y) = [1/(a(l — «))]y, so that the function In ¢ is
proportional to the “tick” function, ¢,(y,n). Hence, 6 is a solution to a standard non-linear
quantile regression problem, mingeg E[(a — 1(Y; < ¢*(W4,0))) - (Y — ¢ (W, 0))]. Assuming
a linear model for the conditional a-quantile of Y;, ¢*(W;,0) = 6'W;, it can be shown
that A* = —1/(a(1 — ) - E[fo(0"W)W,W/] and ¥* = 1/(a(l — a))? - E[(a® — (2a —
1)Fo (0" W,))W,W/]. This case, under an additional iid assumption on X;, corresponds
to Kim and White (2002): VT(0r — 0%) — N(0, E[fo. (0" W)W, W' - E[(a® — (2o —
1) Fo (0" W))W W] - E[fo:(0"W)W,W/]7'). In a more restricted case where the linear

11



conditional quantile model is correctly specified, it can be shown that 7T (@T — 6y —
N0, (1 — @) E[fo(0oW) W, W/]71 - E]W, W] - E[fo.(0,W)W,W/]~!), which was derived by
Powell (1986). Finally, if the true conditional density of Y; is F;-independent, i.e. fo: = fo,
we obtain the original result by Koenker and Bassett (1978): v/T'(07 — 6y) — N(0, a1 —
a)[f3(BWh) - E(W W)Y,

5. PRACTICAL IMPLEMENTATION

The quasi-maximum likelihood approach based on tick-exponential family of densities
provides consistent and asymptotically normal estimators for conditional quantiles under a
relatively weak set of assumptions. In practice, however, solving the maximization prob-
lem (3) seems difficult a task. The objective function L () is not everywhere differentiable,
which prevents us from using the traditional gradient-based optimization techniques in order
to determine the maximum #*. When the conditional quantile model is linear, the optimiza-
tion can easily be carried out by linear programming. In the nonlinear case, however, the
optimization relies on interior-point methods and is substantially less effective to carry out,
as shown by Koenker and Park (1996) for example. The optimization algorithm that we de-
sign in this paper applies to the general case and can be used to optimize the log-likelihood

function Lz (0) in spite of its non-everywhere differentiability.

We describe the intuition behind our approach by first considering the case T = 1, i.e.
only observations (yi, z1) are available. The problem of maximizing L;(#) becomes in that

case maxgeo In ¥ (y1, ¢ (w1, 0)), i.e.

(6)  maxmin {InyT(y1, ¢ (wi, 0)), In ¢7(y1, ' (wie, 0)) }

where we have defined

Vi(y,m) = exp{aja(n) —c(y)]},
or(y,m) = exp{—(1 - a)a:(n) — b:(y)]},

forall t > 0, y € R and n € M;. Recall that a; : M; — R is continuously differentiable and
by : R — R and ¢; : R — R are F;-measurables. Hence, the functions 4§ (y,-) : M; — R

12



and ¢f(y,-) : M; — R are continuously differentiable. By noting that for all (z,y) €
R? we have min {z,y} = —max{—=z, —y}, the maximization problem (6) is equivalent to
maxgee[— max {— In Y] (y1, ¢ (wit, 0)), — In o7 (y1, ¢ (w1, 0)) }].  Moreover, if © is compact
(assumption (Al)), the previous maximization problem is equivalent to the minimization

problem

() —minfmax {— 97y, ¢ (Wi, 0)), — In g7 (g, 47" (we, 0))}].

We have thus transformed the initial maximization problem, maxgee In ¢ (y1, ¢ (w1, 0)),
into a “minimax” problem (7), which involves only continuously differentiable functions ¥
and ¢7. Similar reasoning applies when 7' > 1 and the corresponding equivalence is provided

by the following Theorem.

THEOREM 8 (OPTIMIZATION) Let g = (€9.1,€0.2,---,€01) be a T-vector of order statis-
tics, o1 < €g2 < ... < egr, of an “error” term & = Yy — ¢ (we,0), and let yp =
(Yo,1,Y0,25--->Yor) and wg = (wg1,Wps2,...,wer) be T-vectors of corresponding observa-

tions. Under assumption (A1), the QMLE 07 is a solution to the “minimax” problem

Ielélél[oglkang{Pk<y6‘y wp, 0) }]

where Py(yp, we,0) is defined as

( T

T3 —Inepf (Yo, 5 (wey, 0)), if k=0,
t=1
k
T3 — ¢ (Yo, g5 (wo,i, 0))
Py (g, wy, 0) = L=t if1<k<T-1,
+ Z —In w?(yﬂ& qg<w9,87 9))]7
s=k+1
T
L Til Z - hlgb?(ygﬂ:, le(wata 9))7 ka =T.
t=1

The tick-exponential QMLE O can thus be obtained as a solution to the classical “min-
imax” problem. Moreover, for all k, 0 < k < T, the function Py(yy, ws, ) is continuously
differentiable on ©. We can therefore use the standard gradient-based optimization tech-

niques to determine the optimum Or.
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We now turn to the problem of asymptotic covariance matrix estimation. One approach
to estimating the asymptotic covariance matrix of O is to use the formulas for A* and
3, derived in Corollary 7. The main difficulty of this approach however is that it requires
estimating conditional density, fo, and distribution, Fp,, of ¥}, which is a difficult problem in
itself. An alternative approach is to estimate A* and ¥* by numerical differentiation. Recall
that A* corresponds to expected value of the “Hessian” of In ¢f, while ¥* is the asymptotic
covariance matrix of the “scores” of Inf. This second-moment matrix can be estimated
by the sample second moment of the scores {St(éT)}lgth, N=7"1 Zle st(éT)st(@T)’. The

jth row of s, s; j, is obtained by numerical differentiation,

(8) sy = (e, qf (wy, O + ejer)) — I (ye, ¢ (wy, O — ejer))]/2er,

where e; the jth unit vector and er a small positive constant that depends on the sample
size. Similarly, the second-order numerical derivative estimator of A*, A, has (7, j)th element

given by

(9) Aijj = [LT(éT + e;er + €j€T> — LT(éT — ejer + €j€T>

—LT(éT + €, €T — ejeT) + LT(éT — €€ET — ejeT)]/éle%.

If the step size er is such that e — 0 and TV2er — oo, then ¥ — ©* 2 0 and A — A* 2 0.
Hence the asymptotic covariance matrix of O can be consistently estimated by A-TSA?

(see, e.g. Theorem 7.4 in Newey and McFadden 1994).

6. CONCLUSION

In this paper we have defined a new family of densities, called ‘tick-exponential’, whose
role in the conditional quantile estimation is analog to the role of the linear-exponential fam-
ily in the conditional mean estimation. Our first result is that the class of ‘tick-exponential’
QMLE:s is consistent for the parameters of a correctly specified conditional quantile model.
Our second result is that the ‘tick-exponential’ assumption is also a necessary condition for
consistency. Our third result is that the class of ‘tick-exponential’ QMLESs is asymptotically

normal with the asymptotic covariance matrix which accounts for possible model misspec-
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ification. A natural extension of our results is to derive a specification test for conditional
quantile models, topic which we leave for future research.

For practical purposes, we have provided an easy-to-implement algorithm for the max-
imization of the ‘tick-exponential’ (quasi) log-likelihood as well as a consistent covariance
matrix estimator based on the scores. More generally, the estimation method proposed in
this paper can be seen as an alternative to the computationally expensive nonlinear quantile
regression methods. A more detailed comparison of conditional quantile confidence inter-
vals obtained through our approach with different bootstrap methods, traditionally used in

quantile regression, is an interesting empirical topic that we leave for future research.
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Notes

!The choice of different time subscripts for Y;_; and Z; depends on whether we want to

condition on contemporaneous Z;.

2The author wishes to thank Alain Monfort for pointing out this analogy, which she was

unaware of prior to the writing of this paper.
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7. APPENDIX

ASSUMPTIONS:
(A0) there exists a k-vector 0y in ©, © C R, such that ¢*(W;, 0y) = Qu(Y:|F;), where W, is
a vector of variables that are F;-measurable;
(A1) the parameter space © is compact, © C R¥;
(A1’) the parameter space © is compact, © C R¥, and 6, and 6* are interior points of ©;
(A2) the function a; : M; — R has bounded derivative, i.e. there exists a constant K > 0
such that for all n € M; we have 0 < a}(n) < K;
(A2’) the function a; : M; — R is twice continuously differentiable with bounded derivatives,
i.e. there exist constants K > 0 and M > 0 such that for all n € M; we have 0 < a}(n) < K
and |a()| < M
(A3) the model M = {¢{'} is such that 0y € O is identified, i.e. for any 6 € ©, ¢*(W;,0) =
g (Wi, 0p) a.s.-Fy, implies 0 = 0y;
(A4) the function ¢*(W;,-) : © — R is continuously differentiable on O a.s.-F, and for each
0 € O, E[|[Voqi' (W, 0)][] < oo;
(A4’) the function ¢*(Wy,-) : © — R is twice continuously differentiable on © a.s.-F,, and
there exist some ¢ > 0 and € > 0 such that, for each 6 € ©, E[||Vyq*(W;,0)|>™°] < oo and
E[||Vagq® (Wi, 0)]|1T¢] < oco. Moreover, E[Vgq® (W, 00)Vaq (W, 6,)'] is nonsingular;
(Ab) for some & > 0, E[|by(Y;)| "] < 00, Ef|c(Y;)]"**] < o0 and E(supgeg lar(q7' (Wi, 0))]) ] <
00;
(A6) the true density of Y, conditional on the information set F;, fy., is bounded, i.e.
there exists some C' > 0 such that sup,cg fo.+(y) = C < oo, and nonzero at gi*(W;, 6p) and
g (W, 0%);
(A7) {In (Y, ¢t (W4, 0)), Fi} is an Li-mixingale;
(A8) {s2(Y;, Wy, 0), F} and {A(Y;, Wy, 0), F;} are Li-mixingales, where s, is the gradient of
the tick-exponential log-likelihood In ¢¢ (Y3, ¢ (W4, 6)),

St(nv Wt7 9) = [a - H(q?(th 9) - YZ)] : a::(%?(Wt? 9)) : VgQ?(Wt, 9)7
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and A the Hessian matrix of second derivatives

A(Yy, W, 0) = [(a— H(g (W, 0) — Y1) - a; (g7 (W3, 0)) — 8(gy* (W, 0) — Y7) - ay (g5 (wy, 0))]
Vogi (wy, 0) - Vogi (Wi, 0)' + ai(qr (Wi, 0)) - Veags (Wi, 0);

ProOF. (PROPERTY 2) Differentiating the property (%ii) in Definition 1 with respect to

the variable n, we have, for every n € M,

n

exp{—(1 — a)[ac(n) — be(m)]} — (1 — a)al(n) / 2 (y,m)dy =0,

—0o0

which implies that

exp{—(1 — &)[ar(n) — be(n)]} = a(l — a)a;(n),

for every n € M,. Hence the equality (ii) in Property 2 is satisfied. Similarly, by combining
(i1) and (7ii) in Definition 1 and then differentiating the resulting equation with respect to

71, we show that the equality (77i) in Property 2 holds, i.e.

exp{aa;(n) — a:(n)]} = a(l — a)a;(n),

for every n € M;. These two equalities in particular imply that ¢f(-,n) is continuous at
y=mn,ie (1—a)b(n)+ac(n) = an), for every n € M, and that the function a; is strictly
increasing on My, i.e. for every n € My, aj(n) > 0,.which shows that (i) and (iv) in Property
2 hold. m

ProoOF. (THEOREM 3) To show that Theorem 3 holds we use the fundamental consis-
tency result for extremum estimators:
The basic consistency theorem: If there is a function Lg(#) such that (i) Lo(6) is uniquely
maximized at 6p; (ii) © is compact; (iii) Ly(f) is continuous; (iv) Ly (f) converges uniformly
in probability to Ly(6), then O 2 6, (see e.g., Theorem 2.1 in Newey and McFadden, 1994,
p 2121).
Let Lr(6) = T~ 3, In g (w, 45 (wr, 0)) and Lo(6) = Elln (Y, g5 (W3, 0)).
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Compactness: the compactness condition (i) is satisfied by imposing (A1).

Uniqueness: we first show that under correct specification of the conditional a-quantile of
Y; (assumption (AO0)), 8y maximizes Lo(0), i.e. Lo(6) < Lo(6p) for all § € ©.

Recall that we have

Lo(0) = E[—(1— a)(ar(gr (Wi, 0)) — b (V1)) - 1(Y: < g7 (W3, 0))

+a(a(gr (W, 0)) — a(Yy)) - 1Yy > ¢ (Wi, 0))]

= FEla(q (W, 0)) - (o = 1(Ye < g7 (W1, 0)))
+(1 = a)be(Y?) - 1(Y: < g (W3, 0))
—ac(Yy) - 1(Y: > ¢ (W3, 0))]

= E{a(qf (W4, 0)) - Exo — 1(Y: < g (W3, 0))]

+(1 = ) Ey[by (V) - 1(Ye < g7 (W, 0))]

—aEc(Yr) - 1(Y; > g7 (W, 0))]},

so that we need to show

ar(q; (Wi, 0)) - Erfa — 1(Y; < g (W4, 0))]
+(1 = a)Ey[by(Yr) - 1(Y: < g (W4, 0))]
—aFEe(Y:) - 1(Y; > ¢ (W3, 0))]

<

(1 = ) Ey[be(Y2) - 1(Y: < g (W3, 00))]
—aEa(Yy) - 1(Y: > ¢ (W, 00))], a.s — P,

i.e.

ai(q; (W, 0)) - Exfa — 1(Y: < g/ (W4, 0))]
<
(1 —a)Exfbi(Yz) - (1(Y: < g5 (Wi, 00)) — 1(Y: < g (W3, 0))))]
QB c(Y)) - (1Y > ¢ (Wi 00)) — 1(Y; > (Wi, 0)))], as. — Pp.
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Under correct specification g (W, 60y) = Qo (Y| F:) (assumption (A0)) and E;[1(Y; < ¢ (Wi, 60))] =

« so that the previous inequality becomes

(10) ar(qy (Wi, 0)) - Ex[di(Yi, Wi, 0, 00)] <
E((1 — a)by(Ys) + ac(Yy)) - di(Yy, We, 0,00)], a.s. — Py,

where dy(Y;, Wi, 0, 60) = 1(Y; < (Wi, 00))—1(Y: < ¢(W4, 0)). We now show that inequality
(10) holds: first, consider the sets A; = {w € Q : ¢ (Wi(w), b)) < ¢ (Wi(w),0)} and By =
{we Q:gf(Wi(w), b)) < Yi(w) < ¢(Wi(w),0)}. We have dy(Yz, Wy, 0,600) = 1(g (W, 0p) <
Y; < ¢¢(W,0)) = —1 on A, N By, and = 0 on A; N Bf. Moreover, by continuity of ¢ (-,7),
we have (1 — a)b(Yy) + aci (V) = a(Y:) < ai(q (Wi, 0)) on Ay N By (recall that a > 0) so
that

at(qg(wta 9)) : dt(Y;fa Wt: 97 90) < ((1 - a)bt(y;f> + O[Ct(y;f)) ' dt(Y;fv Wta 9, 90>a on At N Bta
at(qf(Wt,H)) 'dt(K,Wt,H,HU) = ((1 —Oé)bt(}/;g) +OéCt<}/;5)) 'dt<}/;g,Wt,9, 90) = O, on AtﬂBf

Next, consider A = {w € Q : ¢¢(Wi(w),0p) > ¢(Wi(w),0)} and C; = {w € Q :
g (Wi(w),0) < Yi(w) < ¢ (Wilw),b)}. Similarly, d(Yy, W3,0,600) = (g (W, 0) < Vi <
@(Wi,6p)) = 1 on A;NCy, and = 0 on A N Cf. Now we have (1 — a)b(Y;) + ac (Vi) =
ay(Y:) > ai(q (W, 0)) on A¢ N Cy so that

at(q;‘,l(Wta 9)) : dt(}/:‘,a Wt7 97 90) < ((1 - a)bt(}/;f) + act(K&)) ° dt<n7 Wt7 97 90)7 on Ag N Ct7
at(q?(Wt,H)) 'dt(K,Wt,H,HU) = ((1 —a)bt(Y;) +C¥Ct<n)) 'dt<}/:‘,7Wt79790) = O, on AgﬂC’tc

We conclude that

at(Qf(Wt, 9)) ' dt(Y;fv Wt7 97 90) < ((1 - Of)bt(YD + act(Y;)) ' dt(Y;fv Wt: 9, 90>a a.s. — PO:

which in turn implies that inequality (10) holds and that 6 is a maximizer of Ly(6).
We now show that it is unique: note that the previous inequality becomes an equality if

and only if A, N B; = 0 and AN C; = (), i.e. if and only if B, = Cy = (). The variable Y;
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being continuous, we have that B; = C; = () if and only if ¢*(W;,0) = ¢*(Wy, 6p) a.s-Fy.
Assumption (A3) implies that ¢(W:, 0) = ¢ (Wi, 00) a.s.-Py if and only if = 6y, so that
we have uniqueness.

Uniform convergence: we next show that both the continuity condition (7ii) and the
uniform convergence condition (iv) hold by using a weak form of the uniform law of large
numbers (ULLN).

The weak ULLN theorem: If the function In ¢ (Yy, (W4, 0)) is Lipshitz-L, a.s. on © and
{In o3 (Yz, ¢ (W4, 0)), Fi} is a uniformly integrable L;-mixingale, then Lz () converges uni-
formly in probability to Lo(€) and Ly(f) is continuous on O (see e.g., Theorem A.2.9 in
White, 1994, p 355).

We start by showing that In o (Y:, ¢(Wy,0)) is Lipshitz-L; a.s. on O. First, recall the
definition of a function that is Lipshitz-L; a.s. on ©: for each 0y € O, there exists a con-
stant 8y > 0 and an F;-measurable function LY : @ — R such that for all # such that

1160 — 0o]| < b9, we have
(11) [Ingf(Ys, gf (W3, 0)) — In g (Ye, g5 (W3, 00))| < L{[10 — 6o, a.s. — Fo.

Moreover, LY has to satisfy: T~ Zle E[LY] < oo (see e.g., Definition A.2.3 in White, 1994,
p 352). By assumption (A4), ¢*(W;,-) is continuous a.s. on ©, i.e. for each §y € © and
for each ¢ > 0 there exists 6. > 0 such that for ||§ — 6y|| < 6.0, ¢'(Wi, 0) and g (W4, 0)
are ‘sufficiently’ close, meaning that if Y; = ¢(W4, 6p) a.s.-Fy then Y; 2 ¢(W,,0) a.s-F.
CASE 1: it Y} < ¢ (W4, 6p) a.s.-Fy, then for ||0 — 6| < 6. we have

| g (Y, ¢ (W, 0)) — In g (Y, ¢ (Wi, 60))|
= (1= a) - laugi" (Wi, 00)) — arl(gi’ (W, 0))], a.s. — By
= (1= a) - ay(q;" (Wi, 00)) - [Voai (Wi, 00)'(0 — 0o)|, a.s. — Py

for some 0y = cf + (1 — ¢)f, ¢ € (0,1). Note that by assumption (A2) aj is bounded on M;,
i.e. there exists a constant K > 0 such that a; < K on M;, and that by assumption (A4)
El||Vog(Wy,0)]|] < co. Therefore

[In (Y, 2 (W3, 0)) — (Y, ¢2(Wi, 00))| < K - [[Voa? (Wi, )| - 110 — o], as. — Py,
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We have thus constructed an JF;-measurable function LY, LY = K||Vyq®(W;, 6)||, such that
the inequality (11) holds, and satisfying T-' Y1 | E[L?] < co. CASE 2: if Y; > ¢2(W,, 6o)
a.s.-Fy, then by a similar reasoning we can show that the same result holds. Thus, we
conclude that In o (Y;, ¢ (W, 0)) is Lipshitz-L; a.s. on ©.

Next, the requirement that {In (Y3, ¢*(W4, 6)), F;} be a uniformly integrable L;-mixingale,
is treated in two steps. First, by assumption (A7) we know that {ln ¢% (Y3, ¢*(W4,0)), Fi}
is a Li-mixingale. Examples of dependent processes that are L;-mixingales can be found in
Andrews (1988) and White (1994). We second need to show that the uniform integrability
condition holds (see e.g., Definition A.2.8 in White, 1994, p 354). According to White (1994),
the uniform integrability condition will be satisfied under mild domination conditions, such
as E[(supgee | In ¢2(Yy, ¢ (W, 0))])' ] < oo for some § > 0. This domination condition is

implied by assumption (Ab) since
[ o (Ve g7 (W, 0))] < fae(gr (W, 0))] + (1 — o) [be (Vo) | + ale(Y1)], a.s. — B,
so that
sup | In 7 (Y, ¢ (W, 0))] < (1= @)l (Yo) + aden(Yo)| + sup |au(¢7 (W3, 0))], a.5. — Fo.

For a given 6 > 0, there exists a constant ns > 1 such that

(sup | In o7 (i, (W, 6)))**

< max(1, n5[(1 — @) b (V)| + ! e (Y2)[0 + (sup Jar(g;' (W2, ON'D), a.s. — Py
Thus, E[|b,(Y,)["*] < oo, Efle(Y:)|"*] < oo and E[(supgee |ar(q7 (W2, 0)))'*°] < oo (as-
sumption (A5)) imply E[(supgee |In¢2(Yz, q® (Wi, 0))])' ] < oo, so that the uniform inte-
grability condition holds.

Finally, we can apply the basic theorem for consistency to show that 67 - 6y, which com-

pletes the proof of Theorem 3. m

PrOOF. (COROLLARY 4) To show that Corollary 4 holds we need to check that Lg(6)
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is uniquely maximized at 6*. The remainder of the proof is then identical to the one for
Theorem 3.
Recall that we have

Lo(0) = E{a(qf (Wi, 0)) - Erloe — 1(Ye < g7 (W3, 0))]
+(1 = a)Eyfbi (V) - 1(Y: < ¢ (W4, 0))]
—aE[c(Yy) - 1(Y; > g7 (W, 0))] -

)
(

Hence, we need to show that

ai(g; (W, 0)) - Exfa — 1(Y: < g (W4, 0))]
+(1 = a)Ey[by(Yr) - 1(Y: < g7 (W4, 0))]
_aEt[Ct(Y;f) : 1(Yt > Qta(Wta 9))]

a(gy (W, 07)) - Eyja — 1(Y: < g (W4, 07))]
(1= a)Ex[bi(Y:) - 1(Y: < g (W, 07))]
—aFE e (Yy) - 1(Y: > ¢ (W, 0%))], a.s — P,

implies # = 6*. Note that the previous equality can be written

ar(q; (We,0)) - Ey[a — 1(Y; < ¢ (W4, 0))]
—ay(q; (Wi, 07)) - Etlor — 1(Y; < ¢ (W3, 07))]
(12) =
(1= ) Ey[be(Y2) - (1(Y; < ¢ (W4, 67)) — 1(Y; < g (W3, 0)))]
—aBa(Y) - (1(Ye > ¢ (Wi, 07)) — 1Y, > ¢ (Wi, 0)))], a.s. — R
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As previously, let d;(Y;, Wi, 0,0%) = 1(Y; < ¢f (W, 0%)) — 1(Y; < ¢ (W4, 0)). We then have

a(g; (Wi, 0)) - Erfa — 1(Y; < g (W4, 0))]
—ai(qf (Wi, 07)) - Byl — 1(Y; < g (W3, 07)))]

alai (g (Wi, 0)) — ar(qi (Wi, 07))]
+ay (g (W, 0)) - Eyldy(Ye, Wy, 6,67)]
—[ar(q; (Wi, 0)) — au(q(We, 07))] - EL[1(Y: < ¢ (W3, 67))],

so that (12) becomes

[a: (g7 (W3, 0)) — au(qi (W3, 07))] - Exlor — 1(Y; < ¢ (W3, 07))]
+ay(q; (Wi, 0)) - Ei[dy(Yy, Wy, 0,67)]
(13) =
E((1 = a)be(Y1) + ac(Yr)) - de(Ye, Wi, 0,07)], a.s. — Fo.

First, consider the sets 4, = {w € Q : ¢ (W (w),0") < ¢ (Wi(w),0)} and B, = {w € Q :
g (Wi(w),07) < Yi(w) < ¢¢(Wi(w),0)}. We have d(Yy, W,,0,607) = 1(qf"(W1,07) < Y1 <
(W4, 0)) = =1 on A, N By, and = 0 on A; N Bf. Hence, (13) becomes

[ac(q7' (W2, 0)) — ax(qy’(Ws, 07))] -
= ai (gt (W, 0)) — [(1 — a)bi(Yy) + ac(Yy)], on A, N By,

and

[ae(q; (W, 0)) — aelgi’ (W2, 07))] - [ = 1(Y: < 7' (W3, 607))] = 0, on A, N BY.

Next, consider Af = {w € Q : ¢¢(Wi(w),0%) > ¢¢(Wi(w),0)} and C; = {w € Q
E(Wiw),0) < Yi(w) < gp(Wiw),07)}. Similarly, d(Yi, Wi, 0,0%) = 1(g(Win6) < ¥; <
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(W, 0%)) =1 on AN Cy, and = 0 on Af N Cf, so that (13) becomes

lai(q (Wi, 0)) — ai(gy' (Wi, 07))] - [a — 1]
= [(1 = a)by(Y2) + acy(Vy)] — ar(qi (Wi, 0)), on A7 N CY,

and

[a:(q7 (Wi, 0)) — ai(q' (W, 0%))] - [a — 1(Y; < ¢ (W4, 07))] =0, on A7 N Cy.

In particular, these equalities imply that
ar(qf (W, 0)) — ay(qf(We, 6%)) = 0, on A; N By and A; N CY,

which in turn implies
(14) ¢*(W3,0) = ¢*(W3, 6%), on A, N BY and AS N CF,

since a; > 0. The equality (14) implies that 4; = {w € Q : (Wi (w),0) = ¢ (Wi(w),0)}
and B; = Af = (), so that ¢f(W4,0) = ¢ (W4, 0%), a.s. — Py. Assumption (A3) implies that
gt (Wi, 0) = ¢ (W, 0%) as-Fy if and only if § = 6%, so that " is the unique maximizer of
Lo(6). =

PrROOF. (THEOREM 5) The following proof is inspired by Gourieroux, Monfort, and
Trognon (1984). We show that the Theorem 5 already holds for Py such that Y; is iid and
g (Wi, 00) = 6. In this case l,(Y;, ¢f (Wi, 0)) = 1(Yy,0) and © C R. The log-likelihood func-
tion In (Y}, -) being continuously differentiable on © a.s.-Fy, we know that for every y € A,
Py(A) =1, Inl(y,-) is continuously differentiable for all § € ©. Since Lo(0) = E[lnl(Y:, 0)] =
JrInl(y,0)dPy(y) = [, Inl(y,0)dPy(y), the expected log-likelihood L (f) is continuously dif-
ferentiable on O, and the first order condition (FOC) holds, i.e. dLy/df|s—p, = 0.

Suppose that the support of Y; consists of y; and s, such that —oco < y; < 0y < yo < +00.
Let pg = Py(Y; = y1). Since a = Py(Y; < 6p) we have py = a. The expected log-likelihood,
Lo(0), is then Ly(0) = [alni(y1,0) + (1 — @) Inl(ys, #)]. The FOC can be written

0lnl(yy,0) +(1—a) O0lnl(ys,0)

(15) a g,
0 o, 0 o

=0.
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First, consider y; as fixed: then there exists a constant ¢,(6y) € R such that for every
y2 > by, we have 0Inl(ys,0)/00|p—g, = —(a/(1 — «))p;(6p). Similarly, by fixing yo and
varying y;, we conclude that there exists a constant ¢,(fy) such that for every y; < 6y, we
have 0Inl(yy,6)/00|p—g, = —((1 — ) /) d4(0p). Thus, the FOC (15) becomes (1 —a)py(0o) +
ap,(0y) = 0. Let ¢(0g) = ¢p9(00)/ac = —1(00)/(1 — ). We then have

—(1 — oz)qﬁ(ﬁg), lf Y < 90,

(16) Olni(y,0)/006—p, =
a¢(90), if y > 90.

By integrating both parts of (16) with respect to 6 we obtain

—(1—a)la(to) —b(y)], ify < b,

(17) Ini(y,00) =
ala(bo) — ¢(y)], if y > 6o,

where the continuity of Inl(-,0y) at y = 0y implies (1 — a)b(6p) + ac(0p) = a(bp). =

ProOOF. (THEOREM 6) To show that Theorem 6 holds we use the following result adopted
from Newey and McFadden (1994):
The basic asymptotic normality theorem: Let ¢f be a tick-exponential density of order «, as

defined in Definition 1 and 7 the corresponding QMLE,

T
Op = arg %leaé(T_l Zln 07 (Y, g (we, 9)).

t=1
Assume that 07 2 6y and that vTVyLr(67) 2 0. Suppose that (i) 6, is an interior point
of ©; (ii) E[Veln o (Y:, ¢ (W, 00))] = 0; (iii) there is A(Y;, Wi, 0p) such that with probabil-
ity one, (Y5, Wi, 6) = ||V In ¢ (Vi, 2 (Wi, 6)) — Vi In o (Y, g2 (W, 6)) — A(Y;, Wi, 60) (6 —
00)[1/116 — 6o|] — 0 as 8 — By; (iv) TS A(Y;, Wi, 60) 2 E[A(Y,, Wy, 600)] = Ag; (V)
there is ¢ > 0 such that E[supy_g, < 7(Ys, Wi, 0)] < oo; (vi) VTV Ly (6) <, N (0, Xy).
Then VT (07 — 0y) — N(0, Aj*SoA;") (see Theorems 7.2 and 7.3 in Newey and McFadden,
1994, p 2186-2188).
As previously, Lr(0) = T 321 Inp®(ys, ¢ (wy, 0)) and Lo(0) = E[ln o¢(Yy, ¢ (Wi, 0))].
Asymptotic first order condition: we start by showing that the asymptotic first order
condition, \/TVQLT(éT> 2,0, holds. From equation (5) we have VyLr(0) = T Zthl Se(Ye, we, 6),
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where s,(y;, wy, 0) is given by

st(ye, wy,0) = [a — H(qf (wy, 0) — y1)] - az(qf (we, 0)) - Voar (wy, ).

We use the approach by Ruppert and Carroll (1980) (see their proof of Lemma A.2). Let

Lryj(a 12 In of (ye, q; (wt79T+a€])

where {ej};?:l is the standard basis of R*, and @ € R is such that for all j = 1,...,k,
O + ae; € ©. Also, let Gr(a) be the derivative form right of Ly ;(a), so that

5 0
Grasla) =T 3, loo— H(gp e O -+aes) — 0] i (. Br +ac)- af wn O -+ ;).

By the same argument as in Ruppert and Carroll (1980), we have

0 N
G10,3(0)] < 12 |a; (g wta9T>>’ ’89 4y (wt>9T>’ L(y: = g (we, O7)).

By assumption (A2’) a} is bounded, 0 < a; < K, so that

0 T R
VT|Gro(0)] < KT mase | g (we,0r)| - 3 1o = 05 (we, b)),

1<t<T 8

a%q?(Wt, 67)| = 0,(1) by assumption (A4’). Now, note that
R J
VT VoLr(07) = VT Gr(0). Since Y; is a continuous random variable, we have ZtT:l 1Y, =

@ (W,,07)) = O,(1), which ensures that /T VoLr(07) 2 0, and completes the proof of the

Furthermore, 7-1/2 maxi<i<r |

asymptotic first order condition.

We now show that all other conditions of the basic asymptotic normality theorem are verified.
Condition (i) is an assumption of Theorem 6. Condition (ii) holds since Lz (#) is continuously
differentiable on © with probability one. We now check for conditions (iii)-(v), which ensure
the stochastic equicontinuity of the gradient VyLz(0).

Stochastic equicontinuity: note that the gradient of the tick-exponential log-likelihood
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can be written s;(y;, wy, 0) = [a — H(q{ (wy, 0) — y)] - g:(wy, 0), where
gi(w, 0) = ay(q; (we, 0)) - Vogi' (wy, 0).

The function g,(W;,-) : © — RF is continuously differentiable a.s. on © with “derivative”

dgi(Wy,-) : © — R¥** given by
dg: (W, 0) = a;'(qf‘(Wt, 0)) - Voagi (We, 0)Voqs (Wr, 9)/ + aé(q?(Wt, 0)) - Vooqy (W, 0).

Note that the existence of a} is guaranteed by assumption (A2’). Similarly, by (A4’) we
assume that the Hessian Vgoqi (W, 0) exists for every 6 € O, a.s-Fy. The “gradient” of
s¢(Yi, Wy, +), i.e. the Hessian of In o&(Y;, ¢*(W4, ), is the function A(Y;, Wy, ) : © — RF*F
such that

A(Ka Wt7 9) = _5(q1(‘,l(Wt7 9) - }/:f) : gt(Wt7 9) . voqta(Wt? 9)/
+la = H(gt (W, 0) = Y)] - dgi (W3, 0),

where 6(-) represents the Dirac function, i.e. §(z) = 0if  # 0 and [, 6(z)dz = 1. Alter-
natively, for any integrable function ¢ : R — R, the Dirac function verifies [, 6(x)¢(z)dx =
¢(0). The function 4(-) is the derivative of H(-), so that we have |H(x+¢)— H(z) —eb(z)| =
o(le]) for all z € R. We will show that A(Y;, W,,-) is the “gradient” of s;(Y;, W;,-) in a
neighborhood of 6, in a sense that ||s;(Y:, Wi, 0) — s:(Ye, Wi, 00) — A(Yy, Wi, 00)'(0 — 60)|| =
0p([|0 = bol[). Let

T(}/;fa Wt7 9) = ||St(}/;f7 Wt7 9) - St(}/;fa Wt7 90) - A(Ka Wt7 90)/(9 - 90)||/||9 - 90“

In order to simplify the notation, let X; = ¢*(W;,00) — Y: and e, = ¢ (W, 0) — ¢ (We, 6p).
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Thus

r(Y, We,0o) = |llo— H(Xy + &) - 9:(W4,0) — [a = H(Xy)] - (W, 0o)
+{6(X) - 9:(W4, 6o) - Vogg' (W, 0o)
—la = H(Xy)] - dgi(Wi,00)} (0 — 00)[1/110 — o]
= |l = H(Xy)] - [9:(We, 0) — g1(W4, 60) — dge(Wy, 00)'(0 — 6o)]
+Hoa— H(X; + &) - (W, 0) — [a — H(Xy)] - 9e(Wy, 0) + &4 - 6(X4) - g:(W4, 0)
+6(X¢) - Vogi' (Wi, 00) - 9:(We, 60)'(6 — 6o)
—6(Xe) - lai (W, 0) — g (Wi, 00)] - g:(Wa, 0)[1/116 — o,

so that

(18) r(Yy, Wi, 00) < |ge(Wy,0) — go(Wr, 600) — dge(Wi, 00)" (6 — 00)]1/]16 — 6ol
(19) +H (Xt + &) — H(X;) — & 0(Xe)| - [|ge(We, 0)[1/116 — Ool|
(20) +0(Xy) - [|Vogf (Wi, 00) - g: (Wi, 60)' (0 — 60)]]/110 — bol|
(21) +6(Xe) - [|lag" (Wi, 0) — g (Wi, 00)] - ge(Wr, 0)1[/1]0 — Bol|

Since the function g;(W, ) is continuously differentiable a.s. on © with gradient dg,(W4, ),
the first term (18) of the right hand side of the previous inequality is 0,(1). For the second

term note that,

(19) = lay(gi' (Wi, 0))] - [Voq; (We, O)|| - 17" (We, 0) — ¢ (W4, 0)1/110 = ol
JH(X; + &) — H(X;) — e - 6(X0)|/|edl.

By assumption (A2’), a} is bounded by some positive constant K so that a;(¢*(W:,0)) < K,
a.s-Py, and by assumption (A4’), ¢(W4,-) is continuously differentiable a.s. on © so that
lgr (Wi, 60) — ¢ (W1, 0)|/]10 — 00| = Op(1), which implies that the first term of the previous
equality is O,(1). Moreover, for all € R we have |H(z +¢) — H(xz) —e-6(x)|/|e| = o(1) so
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that the term (19) is 0,(1) as well. For the remaining terms note that

(20) < 8(Xy) - [[Voar (W, 00)l] - |9:(We,60) (8 — 00)]/[16 — B0l
< 6(Xy) - [[Vags (W, 00)l] - [19: (W, 00)]

and

(21) <6(X) - lge(Wa, O)]] - llgi" (Wi, 0) — g (W, 0)111/116 — Boll,

so that (by abuse of notation) both (20) and (21) can be written 6(X;) - O,(1). Now, note

that Py(X; = 0) = 0, so that FPy(6(X;) # 0) = 0. By combining all those results we conclude

that 7(Y;, Wy, 600) 2 0 as § — 6 so that condition (iii) is verified.

Moreover, both (18) and (19) are bounded by some positive constants so that E[sup)g_g«| < 7(Yz, Wi, 00)] <

oo, which corresponds to condition (iv) of the basic theorem.

Also, we have ZtT;Ol A(Y;, Wy, 0)/T 2 A = E[A(Y;, W, 0)] with

A = E[-6(g(W,0) = i) - g:(Wh, 0) - Vg (W, 0)
+la = H(gt (Wi, 0) = Y)] - dgi(Wy, 0)]
= Elg:(W,0) - Voagi' (Wi, 0)" - Et[—0(gi" (Wy,0) — Yy )]]
+E[dg (Wi, 0) Ey[oc — H(q'(Wa, 0) — Y3)]]
(22) = —Elfor(a’(Wt,0)) - 9:(Wr,0) - Vog;' (Wi, 0)'
+E[(a = Foulgr (Wi, 0))) - dg(Wy, 0)],

where Fpp; and fj, are the true distribution and density of Y; conditional on the information
set F;. Under correct specification (assumption (A0)), a = Fy(qf (W4, 6p)) and the matrix
A0 = E[A<K7 Wt7 90)]7

Ay = _E[f[),t<q1?(Wt7 90)) : ai(q?(wt, 90)) : v@qta(wtu Ho)ngta(Wt, 90)/]7

is nonsingular at 6 since fo (g (W4, 00)) # 0 (assumption (A6)), aj > 0 and E[Veq(Ws, 00) Vg (W, 00)']
nonsingular (assumption (A4’)). Note that the convergence in probability of the sample mean

of A holds since: by assumption (A6) fo is bounded, i.e. sup,cg foi(y) = C' < oo, and by

32



(A2’) a; is bounded, so that

E[|IAY:, W 0)[[7°] < ns{max(1,C*) - max(1, K'*°) - E[||[Voqf (W, 0) Voas' (W, 0)']|"]
+EB||dge(W, 0)[|'°]},

where n; is some positive constant. By assumption (A4’), E[||Veq® (W, 6)]|21¢] < oo for some
¢ > 0, which implies that E[||Veq® (W, 0)Veq(Ws, 0)'|]*¢] < co. Moreover, by assumption
(A2)

E[||dg:(Wy,0)[177] < mg{max(1, M) - B[||Vaq? (Wi, 0)Vog (Wr, 0)'||*+]
+max(1, K'*?) - E[||Veeq™ (Wi, 0)||* ]},

ms being a positive constant, so that by (A4’) we obtain E[||dg; (W, 0)||*°] < oo. Therefore,
E[||A(Y:, Wy, 0)||*7¢] < co. Finally, by using assumption (A8) and a law of large numbers
(e.g. Theorem A.2.7 in White 1994) we obtain the convergence of the sample mean of A,
which shows that condition (v) of the basic theorem holds.

At last, we show that condition (vi) holds, i.e. that vTVyLy(6y) A N(0,%). For this, we
use a central limit theorem (e.g. Theorem A.3.4 in White 1994): by assumptions (A2’) and
(A4’), we have

Els:(Ye, W, 0)|**°] < max(1, K**°) - E[||[Vogf' (W, 0)|***] < o0.

Moreover, by (A8) {s2(Y;, Wy, 6), F;} is an L-mixingale so that v/TVgLy(#) = ZtT:l s¢(ye, wy, 0) /T <

N(0,X) where

Y = El(ay(g (W, 9))2 (o — H(gi' (W, 0) — K&)))z - Vg (W, 0)Veqy (W, 0)']
= Bl(ay(gf(W,0)))* - Voap (Wy, 0)Voap(Wy,0) - Ex[(a — H(g (W, 0) — Y7))%]).
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Note that

Eyf(o — H(g (Wi, 0) — )2 = Eila® — 2aH(q2(Wy,0) — i) + H (¢ (Wh,0) — V)]
= EJo?— (20— D)H(¢(W,,0) — Y,)]
= o — (20— 1)EJ[H(¢*(W;,0) — V)]
= o — (20 — 1) Fou(qf (Wi, 0)),

since for all z € R we have H%(z) = H(x). Thus,
(23) B =E(0” - (2a — 1) Fou(q7' (W3, 0))) - (ay(g7 (W, 0)))* - Vi (Ws, 0) Vg (Ws, 0)'].
Under correct specification of the conditional a-quantile of Y; (assumption (A0)), we have

a? — (2a — 1) Fy(q(Wy,0)) = —a(l — ) so that

Yo = —a(l — a)E[(ay(q) (Wi, 00)))? - Vg (Wi, 00) Vg (We, 0o)'].

We can now use the basic asymptotic normality result adapted from Newey and McFadden
(1994, Theorems 7.2 and 7.3) to show that /T (A7 —6,) — N(0, Ag'£eAg 1), which completes
the proof of Theorem 6. m

PrROOF. (COROLLARY 7) The proof of Corollary 7 is identical to the one for Theorem 6.
Note however that A* and ¥* are now obtained from (22) and (23) without using the equality
E\[H(q¥(W,0") — Yi)] = «, which, in Theorem 6, was implied by the correct specification

assumption (A0). m

PrROOF. (THEOREM 8) When T" = 1 then note that Py(ys, we, 0) = —In 7 (ve1, ¢ (we1,0)) =

— Yy, g7 (ws, 0)) and Pi(ye, wp, 0) = —In¢7 (Yo, 47" (w,1,0)) = —In ¢ (y1, 47 (wn, 0)) so
that the “minimax” problem mingee[maxo<x<i{Px (Yo, wy, 0)}] is equivalent to (7).

Let us now consider the case where T' > 1. We denote by ¢; the “error” term &; =
Yy — ¢ (w,60). In what follows we assume that ¢y = (€91,€0,2,...,€01) is a vector of

order statistics so that we have gg; < g2 < ... < gpr. We denote by yp and wy,
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Yo = (Yo1,Y0.2:---,Yor) and wy = (wg1,wpo,...,wer), the vectors of corresponding ob-
servations. For given observations (yi,ws,...,yr, wr) the problem of maximizing the tick-

exponential log-likelihood can be restated as

(24) —min[T Zmax{ i (yr, g (we, 0)), — In @ (e, 5 (wy, 0)) 1,

by similar reasoning as for 7" = 1. In order to transform (24) into the standard “minimax”
problem we proceed as follows: for 6 fixed, let ky, 0 < kg < T, denote the order such that
oy < 0 < €gy+1. By convention €99 = —oo and €gry1 = +oo. First consider all the

indices ¢t such that 1 <t < kg. In that case we have €9 < g9, < 0 so that

max {— In¥§ (Yo, 4;* (wos, 0)), — In &7 Yoz, 47 (wes, 0))} = — I &F (Yo.r, 5" (werz, 0)), for 1 <t < k.

In the same way, for ¢ such that £y + 1 <t < T', we know that 0 < €g4,+1 < €¢+ and so

max {— In Y (Yo, g5 (wor, 0)), — In @7 (Yo.i, ¢ (way, 0)) } = — In o (Yo, ¢ (wey, 0)), for ke+1 <t < T.

Thus
T
(25) T " max {—In¢f (ye, ¢ (w, 9)), — In 6§ (i, 67 (wr, 0)) }
t=1
ko
- T_l[z_1n¢t (yet’Qt w9t7 + Z ln¢t Yort, 4y (w9t79))]a
t=1 t=kg+1

where by convention > = 0 if s < t. We now show that the right hand side of (25) is a

maximum over k of Py (ys, we, 0), i.e. that for every 0 < k < T we have

k T
(26) T = 6f (Yo, 6 (wor, 0)) + D> — It (Yo, g (woy, 0))]
t=1 t=k+1
k:g T
< T —ef (Wor g (wor ) + Y =t (yor, af (wey, 0))].
t=1 t=ko+1
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First consider k& < ky. We then have

b T
D~ 067 (o (s 0)) + 32 — 1007 (o 67 (o 0)
t=1 et
k ko .
= Z —In ¢?(y9,ta qg(w&t; 9)) + Z —1In Q/J?(y@,t; qf‘ (’LU97t7 9)) —+ Z —In ¢?(y9,t; Q?(U)g,t, 9))
= t=k+1 et
k ko
<0 08 (s w0, 0)) Y max {10 7 (i (000, 0)), — 10 6 (s 08 (1, )
t=1 et
T
+ )~ (yos, 67 (wos, 0))
t=kg+1
k ko .
= =g (Yo, 6 (wos, 0) + Y = (Yo, g (wor 0) + Y — It (yor, g (wey, 0))
= t=kt1 L
=2 67 ou  (wor )+ 3~ (e a7 (o 6)
= t=kg+1

Similarly we can show that the same result holds for k > kg, which proves (26) for every k.

Taking into account (25), we have just shown that

T
T max{—In ¢ (g, ¢ (wi, 0)), — In 67 (s, g (wr, 0))} = max {Py(yo, wp, )},
t=1

0<kLT

which completes the proof of Theorem 8. m
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