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ABSTRACT

Sufficient conditions for the stability of competitive equilibrium
in a pure trade economy with externalities are developed in this paper.
Externalities are introduced through the assumption that each individual's
utility depends on the consumption of every other individual. A two-
level adjustment [.vrocess is postulated. At fixed prices, individual
strategies must be made mutually consistent., Fach individual's
strategy is mwwﬁo_m,mh a relation which maps m:.mnmm and the demands
of all other individuals into the demand of that individual. The equlib-
rium of the externality adjustment process is a demand allocation,
depending on price, which is feasible and maximizes utility for each
individual at given prices. . Sufficient conditions for stability of the
externality adjustment process are proved and interpreted.

The equilibrium demand functions are then used in a titonne-
ment process to investigate the stability of competitive equilibrium,
All the standard theorems on excess dernand functions which give
sufficient conditions for stability apply to the equilibrium demand
functions of an economy with externalities. It is established that
the stability properties of an economy without externalities possess
a certain type of .nosﬂaﬁpJ.. .?.Jw sequence of economies with exter-
nalities which converges in the proper sense to an economy without
externalities characterized by gross substitutability has the property
that for all t > T the competitive equilibrium of the economy with
externalities is stable. Weaker stability conditions on the limit

economy can make this theorem fail.
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i INTRODUCTION AND NOTATION ?ch " . S e .

In analyzing the stability of competitive equilibrium with . . .
externalities, notation itself can impose a heavy burden on the . , mmdw . : wmdm
reader since large matrices om second derivatives appear., Therefore wstwx.” T mxw.ﬁmunw.b
a self-contained section intraducing notation appears appropriate. J
Individuals are indexed by the superscripts i and j, commodities by : -
the subscripts k and 4. There are n individuals and m commodities.

Vector F.mﬂﬁwﬁs..mm are >>, >, and > with their usual meaning. HE. is -
the mxm identity matrix, and the transpose of A is written AT, All [ mNGH mwcy
vectors start out as row vectors, but to simplify notation the inner . MNW mun.m v mwm m..nu.
product a - wq.. will be written ab. . 1 1m

Nm = AM_.., .. Nm P MH ) is the consumption vector of the :
th ! k m . , : [v.0.U' = . .-, .

i individual, . Ji

mp is the initial endowrnent of individual i, * *

w o= ?nh P Hm PR xsv is a consumption allocation. ' , - mwd_.. wmdw

iw = ?% e xwL.xT.p. .. NHJ represents the consumption . . mﬁw mun.w o mnw mx_.

. m 1 m m
allocation for all individuals other than i., : ,
- U} (w) is the utility fanction of individual i. It will sometimas - . -

be written Gﬁﬂxu. S.J ﬁ#mﬁmpmnsmdpmrﬁwwrm u.» nogwoﬁau»<mnn0HOm€

is important,



- . 1 LTy
1 ] | = Ha \ 4]
2.1 1 1
v, u B0 ¢ A i 1
1 _ 23 _ _ 454Hd bwu e e e e
1
e B T e 0 1 -5
i 2 ! 2.2 ! ' 2 L ' M
v = 7 .-
[ q»n; v,9,U CoUT e AAAY
1 E 1 f
- - - - - - - - - - - - - - - - - - - - -
) ' ’ 1 L. 4]
1 - { ' 1 - W owm e o m om ow = ==
) 1 ! I, = ¢ IHI. 0 )
f e e e e e e e e e e e e w e - - = AL . .
r ] L ] .
n 1 ' Z.n H ol
v U ' . “ e v U L 9 v -
. n 1 1 1 n o 4
-
~ H. J N
qHC 0 P 4 : Consider a pure trade economy
: 1 n 1 i}
<GN E={U(w), « o o , UWhLT , ...,%}
[DU] = 2 in which the utility of each individual depends on his own consumption
0 I . and on the consumption of everyone else. Competitive equilibrium of
this economy is a price vector ﬁ* and a consumption allocation w¥
n .
] . . [ ﬂnd such that
- (a) p*>0
b) Ix-xy <0
- . - S L1 ix R
?ﬂwc ] , Ipu] . - (e} " maximizes U{x,w subject to p¥x < p¥x’.
S : _ .
' In a more complete mode! [2] Arrow and Hahn prove the existence of
DU 0
L (U}, ! ) . competitive equilibrium for such an economy with assumptions weaker
g ) than the following, which we adopt.
{D} (Differentiability) C_.?i is continuocusly twice differentiable,.
2.4 ' ; . : .
_”a..M u'] , HQWGJ.H_ {Q) (Strict quasi-caoncavity) HQMGJ is negative definite wherever

evaluated under the constraint EHH - me = 0.

! | (N} (Nomsatiation) U'(x,w') > GHGNH.%J x> g




We will establish conditions for the stability of equilibrium
of this economy, relying for existence of equilibrium on the proof
in [2]. ]

The stability of an economy .&wnﬁoﬁm externalities can be
anzalyzed without going behind excess demand functions which are
assumed to be continuous and single valued. In the case of externalities
individual demand for a good is not well defired as a function of » alone,
so that simple summation of individual demand to obtain aggregate
demand is not possible. Choices of all agents musé be consistent in
the sense of condition (¢} of equilibrium. We formulate the problem
as one in which two separate adjustment processes are at work., In

the first, called the "externality adjustment process, "' prices are fixed.
Given these prices, each individual maximizes utility in the belief
that the current choices of all other individuals will remain unchanged.
To illustrate the type of adjustment involved, consider an exchange
economy with two individuals and two goods. Straightforward utility
maximization gives individual one's demand for each good as a function
of prices and individual two's demands:

W mhhf.ww.xw.xwv
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If each individual satisfies his budget constraint with equality, Walras'

Law iroplies that only one market, say for good ene, need be considered,

since demand for good two is gw&ﬁmﬁa determined by each individual's

demand for good one. Since prices are fixed, we are left with a system

X = gt

—

= = )

Suppose that from any arbitrary starting peint each individual

adjusts his demand according to a gradient rule

)
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Eﬁxv - fmv .

where g and h are arbitrary monotonic increasing funections. Olech's
theorem [7] states that necessary and sufficient conditions for the

global stability of this system are
g+ h'>0

gh'[l - ¢'¥] > 0

for all x_ ,x

1.2
17T

Since g' > 0 and h' > 0, stability depends only on having
gy < 1.

It the externality is symmetric, in the sense that ¢' and ¥' are of
the same sign, then a magnitude restriction on the effect of the
externality is needed to have stability, In particular, a restriction
will be impesed on how one individual's marginal rate of substitution
between goods one and two in his own consumption is changed by
changes in the other individual's demand for good one,

Two special cases are illuminating, Suppose _ﬁ__ > 1 mhm.
_m:h > 1 and sgn @' = sgn Y¥'. Then changing two's consumption of
good one by one unit causes individual one to change his consumption

by more than one unit, and similarly, for the obverse case, The




explosive character of such a situation is clear, Conversely, suppose
that individual one's demand is unaffected by individual two's choices.
Then ¢' = 0, and the system is always stable.

The eqeilibrium consumption levels reached by this externality
adjustment process will not result in the clearing of all markets if
prices are chesen arbitrarily. A second adjustment process in which
P converges to an equilibrium value is also needed.

A titonmement process in the markets for commodities is
assumed, When prices are anncunced, each individual acts as if he
can buy and sell any quantity. Fach individual announces to the
auctioneer and to all other individuals his desired purchases and sales.
Before another price is announced, the offers are allowed to converge
to a Nash equilibrium by means of the adjustment process outlined
above. If this process is stable, the t3tonnement can proceed, The
stability of competitive equilibrium under t8tonnement will depend
only on the behavior of equilibrium offers at each price vector.

A general representation of such 2 two-level adjustment process can
now be stated.

The externality adjustment process depends entirely on
properties of individual utility functions. Three fundamental theorems
are proved: the existence of consistent individual .mﬁ.mﬁmﬁmm“ the
uniqueness and continuity of equilibrium demand functions wip) for p in
a neighborhood of p¥, and sufficient conditions for the stability of an
adjustment process by which demand converges to w{p) for fixed p. )
The excess demand functions are then used in defining stability of
competitive equilibrium, which is examined exclusively in nmnﬁwm of

excess demand.

2. STABILITY OF EXTERNALITY ADJUSTMENT

Each individual chooses x= to satisfy the following first-order
conditions {written in vector notation).
i
fd {w) - ymﬁ =0 {(2.1)
plx" « ) = 0

By hypeothesis each of the first-order conditions is continucusly

differentiable, and from (N) the budget constraint is an equality,

Fmgm 2.1 The system given in AN 1) has the property that for any

w and for p >> 0 there exists an x' which satisfies {2.1}).

Since Gm is jointly continuous in all its arguments, it wm .
nohﬁmﬁodm in Nw for fixed ﬁm > 0. Since the budget set mx ﬁN = mxn
and x* > o..w is compact, C attains its maximum for some x in the
budget set for any fixed w" and p- |1
Lemma 2.2: Let Mw?qmv = Tnm" Hw maximizes ﬂmﬁnw.émv subject to
vxw < vNIJ Then for fixed p >> G, X_..?qm."_ is an ﬂﬁﬁ.mﬂ semi-

continuous correspondence.

1
Proof: Debreu {5], p. 19 states the theorem that if f : Sx T —> R
is continuous and ® : § —> T is closed and continuous on 5, then
the set p(x) of elements of o(x) which maximize [ on o@(x} is upper

: i + -1)+ 1
semicontinuous on 5. The function U™ : R™ Nw.u.;s ) |lh\v R
is nounwﬁﬁoﬁm. wﬂa the: n~0mmm budget correspondence G?q }

Tn H..N < vun and x > 0} is constant in ?Emmvmﬁmmﬁw 05

" w' and hence continuous. Hence the correspondence X 7< }is

s : i
upper semicontinuous since it is the set of elements of o(w’)

which maximize U on B?qJ. _ _



Since the Jacobian of 2.1 is qu.,mmh:. which is nonvanishing
by ), we can use the implicit function theorem to prove that there
exists an open neighborhood N(%) such that for any %, Nm?i is a
single-valued function on N{%}. Since for a function upper semi-
continuity is equivalent to continuity, this implies that there is one,

and only cne, continuous function NH?qJ which satisfies (2.1).

These lemmas establish properties of each individual's
optimal choice given arbitrary values of the choices of all other
individuals. It remains to establish the existence of mutuaily

consistent optimal choices when prices are set arbitrarily.

Theorem 2.1: There exists a w such that (2.1) is satisfied by w

simultaneously for all i whenever p »> 0.

Huu.oo».. H.mn T = an vxp < PE and x* > 0}, Let o (w}= mN i x m 7t

wvm C «M w v > U Ax w v for all w [ w where it is understood that
U (w) is Emmﬁmsmmun of the ﬁLsmm chosen for the H»W component vector
of w, Note mr:wn oy {w) = u.n ?q )} for wb% choice of xw. By Lemma 2.1 and
:,.: mo». any w and p there muﬂmﬁm x << ® {since p >> 0) such that

x' ¢ U (w), and by Lemma 2. 2, U is upper semicontinuous.

ol
N - I - k=1, ..., m,
k P
k
P i R O R .
and let W = {w:0 < * = MWH. Clearly X D' c W for all w, so that
. i=1
n i ~ "~
the image of the restriction of X D' to W is also contained in W. Let the

i=1
restriction be represented v.ﬁ B:W—s #. Since W is closed, bounded,
and convex, upper semicontinuity of ¥ is sufficient to satisfy the

conditions of Kakutani's fixed-point theorem {2]. Therefore there

e ~ - n .
exists a w* € W such that w¥ ¢ Dlw*) = .Mwmp?‘j. Since 2.1 are
i=

bmnmmmmww conditions satisfied by any w™ ¢ D{w*), it follows that

moyﬁﬂou..m of 2,1 exist, _ _

ic

To find conditions on Gm which imply the existence of a
unique function wi{p) satisfying (2.1) we observe that the functions
(2.1} are continuously differentiable in w, and apply the implicit
function theorem again. We call a single-valued function w{p} which

maps p into the solutions of {2.1) an equilibrium demand function.

Theorem 2.2: If A is nonsingular then there exists a neighborhood
of the equilibrium price vector N(p™¥) such that for ali P € N(p™) there

exist single-valued, contimuously differentiable mwﬁ_mwﬂmﬁg demand

functions winl.

Proof: By assumption (N), p* will be strictly positive. (If mu = 0 for

some k, any individual can inerease his utility indefinitely vw mmgwamsm
more of good k,) Therefore in some small neighborhood of Hu N ZSUJ.
p is strictly positive if p € N(p*), so that Theorem 2.1 establishes

the existence of solutions to 2. i.

The theorem now follows as a restatement of the implicit
function theorem [1]. The determinant jLAL] is the Jacobian of system
(2.1),  and LAL is nonsingular if and enly if A is nonsingular.

Since each function in {2.1)is continuously differentiable, and since
by Theorem 2.2 we know that there exist solutions of 2. I}, the hypoth-
esis of the implicit function theorem is satisfied when lal # o, |

The nensingula®ity of A is a real restriction, in that it is nn.vn
implied by other assumptions regarding the quasi-concavity of the G~
which H.mum.wm only to the diagonal blocks and associated bordering vectors,

equal to A C of A,

Since c.E..mﬁo. equilibrium demand functions exist for all
P € N{p*), itis possible to ask if, for fixed P, the Nash equilibrium is
stable. Consider the following general adjustment process:

i
X

QMGH?L - »u..mu
(2.2)

0 = v.ﬁxuwmwv



A1

~where p is the fixed price vector. Note that if dw depended only on Nw
this would be a gradient process by which each individual could find
his private utility maximum given p under the constraint that his budget
constraint be satisfied exactly at every instant. In the case mm exter=-
nalities, however, the gradient dwdw is nosﬁbcod.m.wwq altered by the
changing consumption plans of other agents. If w" is fixed, for each
individual this process is equivalent to the modified gradient process
of Arrow and Solow [3]. By further modifying their process, we can
use their proof of local nordmdmmbnm of the gradient process to the
maximum to prove the local stability of (2.2}, We prove local
stability by taking a Taylor series approximsation to (2. 2), expanding
around the Nash equilibrium values. If this linear approximation is
asymptotically stable, (2.2) is locally stable.

The linear approximation of (2.2}

R AR RN SRR (2.3)

0 = sixw - wwv. (Z.4)
From (2.3), ?.nw = 0, Hence .

?.m = Eﬂ_mcw@:éw ehT. (; ;ﬁv%a =0,

and we can solve for

o -3

T -1 ;
;=) = ) e Ui - @) T

Qtw - . : (2.5}

Each Dw is a 1 x m row vector. Define {3 as the n x m matrix

.th .
whose i row is Dw. Then (2. 3) and (2.4} can be written, when

A~ x»m is eliminated by 2.5, as
Vo= ([ TN - TQkw - &) (2.6)
These mn differential equations have only mn - m degrees

of freedom.

12

Let u be a root of the equation

i : ,
MAAY @) - pt 1 il

We can now state the fundamental stability theorem.

Theorem 2.3: If the real parts of the roots of Det{y) are negative,
then (2.2) is locally stable, i.e. it is stable in any wmmmouﬂ in which

the linear approximation of (2, 3) and {2.4) is valid,

Proef: We demon-trate that 2.6 is agymptotically stable, Choose as

a candidate solution w - % = nmtn. Then C must satisfy JC = 0

Py

i. w - W is to satisfy the budget constraint (2,4}, Also, to satisfy .

{2, 6) we must have
mt:?fa;&:n + 1QC) = ucet.
Putting these conditions together, C and y must satisfy

?fc:@v “ul 1! i G

This system of homogeneous linear equations has a solution if and

) only if the determinant of the left-hand side matrix, Det{u), vanishes.

If the real parts of all the roots of Detly) = 0 are negative, then (2,6)
is asymptotically stahle. ||
To give some economic sense to the condition that Det () = ¢

have roots with negative real parts we give two very resirictive
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£<J < 0, we can choose an ¢ > 0 such that the real part of tawv

is also negative.

We have by this argument proved the following theorem:

Theorem 2,5: There exists a number ¢ > 0 such that if

2 3
o< 22

9%, 0%
) L
for all w, for i # j, and for all k and 4, the Nash equilibrivm is
stable.

A simpler argument establishes that the Nash equilibrium

is stable if all externalities are uni-directional , that is, if .dH is a

. 1
function of x~ alene, GN a function of MH. and xm. Gw a function of

1 2z 3
x ,x , X%, and so on up to Gs a function of w. In this case
Det{u) has a block triangular form, since _”.Q.MQMCJ = 0 for j>i.
The determinant of a block triangular matrix is equal to the product

of the determinants of the diagonal blocks [6]. That is

N H ‘H._ 1 1
d_..—c ..__._.HU.HU | ' t
, 0 P 0
ﬁ a T ]
13 ] L}
|||nNn..n.u..N...N..cuH:,_lnnu|...|||t||
4»4~C Qg = qmd - tmwb p o !
1 f . .0 1
0 ‘ P o, | 0
- - - - - - - - - - - - - - - - -1 . - - - - - -
[} i . i
. . . . e e, .
] I} ]
¥ ) N l-l - - - - ) -
2
LA I ¢ N T
1 1] ]
0 ' ¢ 1 ¥ s 0
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Fach of these factors has only real negative roots by Q.
Any root .LH of each factor in the product is a root of the product.
This gives us n{m - 1} roots, which are all the roots 1, and
establishes the following theorem,

. 1 2 , . .
Theorem 2.6 If ot = U =) v’ = U HMH.MNv. A Gﬁnuna. IR

then the Nash equilibrium is locally stable.

Note thai the roots of
?qmqp ST B I

are invariant to a monotonic transformation of the utility function.
Transform each utility function U by a menetonic increasing

fanction H,WHGJ. The typical element of ?dmm.pﬁdwz then is

2. i i i
ry 2 Y 2
meme wunw muné

Because of the structure of the bordering matrix I, we
can use a bordering column nwltiplied by an appropriate scalar
to eliminate all texmas .m5<ou<m=m ”m.m_ in the usual fashion, and then

factor all M.wq terms out of the determinant, obtaining the result that
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sufficient conditions. The first is that externalities Um.mgwﬂ ﬁmrﬁ“m&m
to the curvature of the indifference surfaces of Gu..cnw. iJ for munmmw ﬂ_.w..
If externalities are absent, then Cu..?i is in fact wﬂ&mvmﬂmnﬂ».g %w

and of the form <m?nwv. In this case stability of the Nash equilibrium

is a direct consequence of strict quasiconcavity.

By assumption (Q), the roots jw of

w. Tl
LARCATER SRS |

1] o e 0
1 [] 11
P L _ ,_
T P
.?N<~Am } -l _ve” ;
. 2 2 m . , 0
0 . p - 0 . .e.
! .
i""lll-l ) o T _- i L]
) . “ Pl :
. 1 . ] - .
|.....|..;s...:---:....uﬁnx|M--q|||r|:
' 1 L2 A T
' 1 .mﬂb/ﬂ Aunﬁvljﬂg”_ ﬁ
0 ! 0 oL P "

are also real and negative. By rearranging rows and columns the

above determinent can be put in the form

(2.

14
i T
?f< &) - iEL , I
)
- - - - = = = = - - - »
[}
I L}
1
where all off diagonal blecks quqmdp?«z are identically zero.
Now counsider a utility function d;xu... ﬁmv such that U’ is
not jhdependent of w" but such that
WA
0 < m...%nﬁ.b < e
mNWmN.v
for all i # j, for all k, 4, and for fized e > 0.
2.1 2. .
v .
By construction | 2t UMW)} (2.8}
9%, 3% 8x; 9%
| k4

for i # j. We can choose V' such that the value of x° which maximizes

vt subject to the budget constraint is equal to the £ which is a Nash

equilibrium value of the system with externalities, Let these V' be

‘such that

mmcw?\s mmﬁmﬂ

ox

< g. (2.9)
0%

i, i
vanwun.w

e

i
k

Let tﬂcwv denote a root of {2,6) and let i<J denote a root
of (2.7) when <.H is chosen as above, The .Boaﬂwcm of a complex
number is denoted ~_ _ . _ _ » Since a characteristic root of a matrix °
is a continuous function of the elements of a matrix, it follows that

for any & > 0 there exists an ¢ > 0 such that if (2. 8) and {2.9) are

satisfied with respect to that ¢, _ _JH<J - ECJ_ & < §&. Hence, since
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fov, F(U" - 1] vt
1
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If a condition which is not mb<mwmpﬁw to a monotonic increasing
transformation is imposed on ?&. 3] w a mpmoumws on global stability
can be proved. The condition is ﬁsmw ﬁqq vt H be negative quasidefinite
wherever evaluated, that is, that x( _”qq GL + [vv. CJ_H.W < 0 for all x # Q.
_H.wnm assumption implies that x? U Tn < 0 forall x# 0, or that
C is strictly concave. A process in which the budget constraint is
not satisfied instantaneously and both Nm and ww vary explicitly over
time, will be considered. .

Consider the following general adjustment process:

I
It

fcm?; - AP .
(2.10)
A= o-pe {x -%%)

where p is the fixed price vector. We find a condition for stability

by direct application of Lyapunov's second method.

Theorem 2.7: If TZ.»CJ is negative quasi-definite, then (2.10} is

globally stable {i.e. w converges to W from any initial w > Q).

18

Proof: Form the function

i ai2 a2
2V = BIZn - %)% + 0,37
whete WW wnmw satisfy (2.1) (i, e. m msm» are equilibrium values).

Clearly V is Hucmu.n:m except when x! % w wmw so that if V' < 0,

V is a Lyapunov function, and the system N. 2 iz globally asymptotically
stable [8].
L &nw ax,
(- i ..|[| .
V' = B[R - Rt 0 - K

e

i

mﬁ Tx .,U hwc mé - ap )t By - ﬂiw@w - mwé

. mun#
Note that since
i i u.>
alu {w 78U w) U(w} -
{ ,»%_ﬂ-mmw wv+:ﬂ APys
by "k *k
i i
_ i al, (8U (w)  ULE)
v o= B (B - 20 (5 =)
ik mun_n mxw

i i i 2 2
* mew S X - AR (e - B E) O - {.Hﬁ .

The expression in square brackets expands to

i e ai i i
mm.,wvwxw TP T AR APy
i S P | .
PR T PAT - AP A

i mennt
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= 0 since the budget constraint must be satisfied with equality

in equilibrium. Therefore

e o (et

mxw munw

or in vector notation
MY UMw) - 9,0 @)

Let & lie on the line segment connecting w and %. Then
by the mean value theorem
(v.U'w} - v, ul@)]
i i
; .
= V[ UAE)] -+ (w - @)
for some such €,

Therefore

.f«*

Tix - 2 émcmﬁ - W)
Wv

tw - &) [v9,0'(8)] v - @)

< 0, since ﬂqm.c.nﬁu is quasinegative definite,

20
3.. STABILITY OF HLP‘HOZZH?»HZ.H
The demand functions derived in Section 2 are sufficient
to characterize the titonnement process. As usual, let
. ol = . 3.1
b, = (B p) - 5D (3.1)

i

We know that an equilibrium exists with WW = 0 for all k. The function
g serves to define speeds of adjustment of prices. The equilibrium p*

will be stable for all speeds of adjustment if and only if the matrix

r mxw mvnw. 7
n— . - E—
i %P1 1 P,
M = . e .
munw mNM
T— P E—
) 3
ﬁ. ;9P i %Pn

is D- stable, i.e. if and only wm‘ DM is stable for all D =
_&.mm me. ey &Bg with &m » 0. Since we are dealing only with excess
mmgmum.mﬁsnnmoﬁm at this point, all the general theorems regarding
sufficient {or necessary) conditions for D-stability of a matrix apply
(sce [8] or [9]). Thus, once the stability of the externality adjustment
process is established, there is nothing special about the case of
externalities in terms of restrictions on the partial derivatives of
excess demand functions. We can extend the theorem that when
externalities are small the Nash equilibrium is stable to show that
under nmﬂnwm..:. conditions the stability properties of an economy without
mun_r.muﬁww.wﬁmm are preserved when small externalities are present.
Perturbing p in the first-order conditions (2.1} and

rearranging differential coefficients gives a system of equations
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ALl . aR = ¢ (3.2)
- 1 n
where dX = (dx . . .&nb?;.._. . .n;bvy
and  aP = (4P, . .., A 4P, (alplx - F)).
man
This system of equations can be solved for ﬁ in the usual fashion,
i 4
mxwu_
Iet M be the matrix of derivatives Tuwwim.ui _ thus obtained.

2

A continuity theorem regarding stability of competitive
equilibrium with externalities can be proved by observing what happens

to [LA H;.HHL as the magnitude of external effects varies. An economy

without externalities is denoted Ho. and consists of a2 set of individuals
each with a utility function <.JunJ and endowment R.L... We relate this
ectonomy {o the economy with externalities, E, by m,mmdu.bmbm that
G:unm.‘iJ = <»Gn.J for all xw when externalities are absent,

An economy with externalities, mﬁ. will in general be an
n+ mn tuple dew e ﬁcb. g, .. ﬁulmpu We will consider only
economies in which initial endowments are identiczl, so that an
economy E is completely described as a collection of n utility functions.
Consider a sequence of economies _”HLMHH which converges .wo Ho in

the sense that there exists a .Ho such that if ¢> .H.o.
max (|*Ulw) - Vi(w)[}< ¢ for any & > 0, dnd for all i, .
wEW

t
We will consider a specific class, m:wor of sequences {E '} -

0

which converge to E~ with the following properties for each ﬂdu.

A ' 2 Blgorante 11, ..., o}, where B is

the bordered Hessian of the utility function U and T the bordered

Hessian of Vi,
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B} Let mem %A.ﬂ: be a matrix whose mwmsmlﬁm are functiens &W&.AS

such mpm.n.emﬁns converges monotonically to zero as t—> «, and let
t..i

A, be some mxm matrix. Then for i £ | let vV, U = . -

i x a enfor i #j le q_ua.w . F:?Z@b&

where @ denotes the Hadamard (entry-wise) product,

Under (A) and (B) the matrix

t_ i 1
[ve, ‘U’ BT
1 ] i
b# = e e e oo WL
1
i 1 3]
converges in the maximum element soﬁﬁp ‘to
" i ) -
qw< 0 .
E \ m.H_
& = 0 R L as t—> =,
n 1
N e e e e e e o oo
I
it . 0
L s

Choose a permutation matrix B such that

Ba’sT - diag mmw. e e ., HYY = Nc

~t n T t .
and let A" = BA'B~. T,et M be the matrix of derivatives of excess

‘demand functions found by solving 4.1 with A = bw. and Eo be a

solution. of 4.1 with A = >c.

1, . By the maximum element norm, we mean a scalar function of
a matrix A, f{A), such that f{A} = max __w.._ {see [4]).
i,3. 1)
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Since a characterization of D - stability by necessary and
sufficient conditions is me_&dm in the literature, and not apparently
in the offing, continuity of the stability properties of a sequence of
economies must be done in terms of some specific sufficient conditions
for stability. .
Theerem 3.1t If a sequence of economies muw

wlw
0
for an economy E~ which ,:wm gross substitutability (GS), then there

is in the class & MOV

exists .H.DA @ such that H has Om for all t > .H,nm.

~ 0 : :
Proof: Note that since the off-diagonal blocks of LA PH are identically

0
zero, we obtain M from solving 3.1, with

121 1.1
{(L'H L") 6

AN.WDH.M,U -1 R

0 TU:IU BVL

Since m“o has GS, ?.Ho is quasi-dominant diagonal [g],

Each element in the inverse of a matrix M is a no.be...fﬁﬂodm
function of the elements of that matrix as long as M is nonsingular,
since each element is the ratio of two nonzero pelynomials, viz. the
determinant of cofactor of M and the determinant of M.

By the same argument as that ﬂmm& in the w~.m<woﬁm section
we can establish that there exists an ¢ mﬁnr that if mb .LP ) < e,

then the nonsingularity of the Ewﬁ.wwx.bo mﬂ:u:.mm»qucsmwﬁmﬁwwww&ﬂoﬁ.

b». Hence there exists a T such that >w is nonsingular if ¢ > T,

=i, i, . :
By construction [LA'L ”_neS<mHmom to diag :lp iy } in the gmﬂugﬁﬂb
7 J is diag {[L'H

mEnm NE elements of LP are close to m.:m elements of ._Pc in absolute

pl.._. i
element norm, and the E.Emﬁmm of diag {L'H L ._

value, by contimuity each element of TP Hn is close to the corresponding

24
m.wmgmdn of Tyoqnm in zbsolute value. Let LPM. be the i, j block of the
matrix bn. In particular, for mh< 5> 0, ﬁrhwm exists an e' such that by
continuity of the inverse, f([A u.; < & when m?pm; < g' for all i#j.
Since mﬁHm.v < e'foralli # i, ﬁbw ov < g m”wnm bm. = bm. Hence
Ior ma.&_ ) V 0 there exists an g' > 0 such that for all t > .H.T..u 1,

([ _.; < & for i#j.

M is a continuous function of ﬁgbvuu by (3.2). Therefore
there exists a T(e) such that for all t > T(e), no element of gﬁ differs
from the corresponding element of gc by more than ¢ for any positive
&€, This is all we need to establish mosnwnﬁw»< of equilibrium.

Sinece M is gquasi-dominant diagonal, there exist positive

weights ¢, such that

J
c. _Hb_ > Mn Tﬂ |
i#j i
Choase £ such that I ¢, ww_ < Mn _Bo [- Ze, _5
i . i

t - . .
Then M’ is quasi-dominant diagonal, and ﬁn is locally stable for

all speeds of mmuamﬁdmhﬁ for all t> T(§) = _ |

Remark: If a sequence MHJMHH in the class mhmov converges to an E

which has sign stability, there may not be a T sech that E! is sign-stable
for all t € T. The same remark holds if sign-stable is replaced with
weak GS. The same example establiskes both. Let the economy E

have the matrix of partial derjvatives of excess demand functions with

sign pattern

- + 0
¢ - 0
+ + -
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Then E is weak G5 and sign stable,. Let Hn have matrix

m b9} |.w1. J
13 12 mwuspw
t 1 1.
M= r a1 My w. 23
t £
My M2 Mi3
bt -t

with m,, > 0, all %, ]j.

i}
1 1
Take _..m.i..w —> 0, mml.w!l.lv 0, and A_HﬁP._ —> 0, and let
H t t
each sequence be strictly increasing. Then for any finite t, r, < 0,

s, < 0, and . < 0, HS* is neither sign stable nor weak G 5. ‘
A classical theorem on stability of competitive equilibrium
is that no trade at eguilibrium implies stability of equilibrium, The
theorem is not true unless further conditions are imposed when there
are externalities. In the classical case the theorem follows from the
observation that the matrix of substifution terms is negative-definite
and that with no trade at equilibrium income effects vanish [9].
It can be seen from (3.2) that the substitution terms of:the
mmcmwﬂu.ﬂmﬁuﬂ demand functions depend not on H.Hm. but on A, and that
in general the matrix of substitution terms is negative definite with
externalities only if the off-diagonal blocks of A are small., With

this assumption, the theorem can be proved.

[1]

f2]

(21

f4]

{51

13

(7]

(8]

[9]
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