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Abotract

Assuning the individual and collective opinions given as
choice functions thc ncow formalization of voting probleo is
concideredy The notions of local functional operator and the
clocedness of doamains in ehoice-functional spaco rolative to
luocul operotors are iatrocucede The problen of woting is rocuced
to the analysis of three kinds of oporators' classes and their
matual relationc.

The functionnl onalogues of well=inown in the theory of
Arrou paradox rosults are ostablishode

.oy wordss Voting proulen, Choicc functioa, Functional profilc,
ilocal operator, Operators' classes, Operator's closed-
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1. Jutredgetion

An axiomatic approach to the problens of woting f£irct cu oo~
ted in Arrou (1963) was furthor developed in two diroctions.
According to tho £irot of then it is ascumed that both individual
opinions and collectivc decision are formalised as orderings of
warionts (or as binary rolations of @ more general typele The
rule which perforus tho transformation of individual binary

Dr. Fouad TeAlsskorov, Institutc of Coatrol icienccs,
profcoyuznaya 65, ikooscou 117342, ULGH
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relations into a collective onc may be called a voting opcrator
of typo 1.

Invostisations of oporators of type I bave becn summarised
in a gonoral forna in Ferejobn and FPishbarn (1979), and Aizarman
and Aloskorov (1955%.

Tho socond direction dcals with the axiomatic anelynis of
tho woting problems with individual opinions formalised as beforc
in the fora of ordorings (binary relations), while a colloctive
docision is obtainod as a cbolce functiom (see Sen (1973),
gichclson (1976a), Grether and Plott (1962) and otherc).

The oporators which perform such kind of transfarmation
may bo accordin;ly called as operetar: of typol’Il.

The above two tronds have diroctly lod to the amJ..ysi.e of
operators of a difforent typc mi:ich arc spocifiod on the choice
functions of voters and dcterninés a colloctive cholce functions
wacreas tace "input” and "output™ choicc functions arc not nocose
sarily clessically rationcl. ouch operatoec will be called hore
tho oporators of type III.

This paper”’ 1s concernod with tho cporaters of this type IIL

1) According to Soa (1973) operator of type II is called
“functional” (contrary to tho "relational™ rule for oparatars of
type I)e The torm "functional operator” is used bere in a diffo-
rent senue - 4to dofinition 48 given below,

2) 7be suthors do not know publications in which such opero-
tors were analysed. The only two papers (Blaoir (1975) and Parks
€1976)) were concornod with the exazples of operatore of type III

for chockin: of whother these cperators had met the charactorioe
tic conditions simllar to thooc of Arrow,

5)mmummcmmmnsmmnm
and Aleskerov (19832 ). '
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Mmﬁmct'mwM"umtwmnto-
gethers

Tho paper consists of seven sections.

Section 2 introduces m‘mttmamdﬂnahtmtotthe
problon, dafines a local functional operator and their 1ist repro-
contation®’s All the results deccribed hawe been obtained using
tho list ropresentation.

Section 3introduces characteristic propertics of local func-
uomloporatouandstmﬁrehucmbemwacmd
qmmmmmmwmw

Saction 4 considers varion. “"mechanisos® of gsnereting the

Wmmmmmmchcmwmmﬁew
tar oot.

arizes of replacing the standord constraints (1iko transitivity,
acyclicity, otce used in the analysis of oporatars of typos I
and II) wxwotmcmmmummmbe'wmon
the choice functions. To solwe tha problen the notion of closod-
oces of domains in cholce-functional space relative to the opero=
torc in quostiom 4s introducod.
mmsmmcmummhmwwumw
the oporutors usod to "restore” in a specifiod donain tho collec-
tive cholce function using the individual choice functions from
the saxe domalin.
Secﬁméeshublisbeammuommehechamot opo=
mmmuwwmnmmxmmmcmmemm

Q)Aammrapmmuonmmodmmmnea-
xerov (1983}) to deecride cperators of type I.
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space are closed with the operator classes analysod in secticns
3 to 5. Particular importence is given to snalysis of oporators
bolongmctoaao-caned%nmmdemmmm”
ditions natural for tho woting oparators.

Finally, soction 7 discussos & possibility of obtalning a
collcctive chiolce function from the spocifiod domain asing a
fixod operetor and compares the results obtainod in section 6
with tloce from Alzernan and Aleskerov (19830) pertinent to the
operators of tyoe l.

2. Jgcal functional opcrators gnd theip listeforp .

Feorcoentation

Choice of varianto 18 ascuod to Lo porforaed horo as fol-
lows (cee also Aiszarman and lialishovsky (1981)): e finite sot
A which conoists of m > variants x, geees 1, 18 sivong
overy non—copty subsct X € {4 ,wberaﬂ:ZA\Qqﬁ} » Wmay beo
precentod {or cbodce, and the cioice cocasists in plicking out the
subset Y ¢ X (the case Y = & 4 1ec. a rofusal of choice, 15
allowed too). The sot of pales {X,Y | VX ¢ A is said
to bo a chicice function VY - C(-) « The space(set) of such func-
vioas 15 denoted as ( : C(-) ¢ C «

Luppose that a group consists ofn >/ wotersy n  1is finite,
and N =l7,eee9n | 45 & 86t of votors® indisecc. Each woter
(¢ N independontly of othars dofinos his own function,ie.

a saboct YL:CL(-> for a1l X ¢ ﬁ o Tho totality of choice
guncvdons ( (- ), L ¢ A is oaid to bo a functional profile
(or, for brevity, a profile) and denoted a8 { ( (- )| « Tho pro=
£11:%(; (- )| has to bo traasfarned into a choise function (%),
which definos a collective chotee Y* = C*(X) o for al2 XeA «

The nopping F uﬂich transforns each profile ﬁ(@(-)}
into a collective choice function ( *(-) 418 roferred to as func-
tional voting oporator (of type III). An operator F 18 aefinca
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on p, =tuples of functions from (7 and it waluos are functions
gran (5 too.

LetV(x,X;{CL(«)J)boaeetafwhrg indiccs for
which

Vi, Xi4C¢) ) ={ieNlzeC))

bolds, 1.e.anotV(xX {Ci(-)} )consists of such voters
Le(\]WnoosoavaAant x from X by their choice functions
Col) e

Dofinition 1. An oporatae F 48 refarred to as a local func-
tiocnal ono (for brevity, [ ~oparator) if for any two profilos
{C.0)}and {C0 ()} » end arbitrary z X (re ) € L) o ublch
satiafy tho conditton V' (z,X; 4Ci()} )=V X; {E()}), =eC)
1er 2¢C*(X) bolds, shave (*(:)= F({C()}) o T ) =
=F({C 1)

It can be easily scen that local o :arators imply that the
inclusion of the variant = 4n the colloctivo cholco (% (X ) is
independent of otber worianta y  fron XN{x} o

The set of all local opurators is horeafter denoted s | .

Let us introduce a list~form roprosentation of local funce
tionnl oporatorsce

Rufinition 2. An arbitrary subset > of A (w < af) o catd
to bo & groupe Iet us put into correspomxicnce to each pair - 1\ ),
whare €€ X € I , a oet of roups Q(I,X) {w(r’ ) geess

W} L ohe s G2 (2,X) 15 raferred to as a list for the
pair (z:,)() « ¥e will say that operator F haos a list-form
representation if thero exists a totality of licts
{Q(x X)) rexef ®ach that forall =z, , whare reXeﬂ/
and all profiloe {C; (D} L wmere C;(De ® o ¥ien
following axpression holds



2e C¥X) SV (=,X, §.(D}) e R (%)

The class of all oporators for which there exists a list-
fom reprecentation is dmotod as P o Definitions 1 end 2 imno-
diately imply that the classos < and ' coincide, 1.0. every

|, =opcrator has a list-form representation ani, vice vorsa,
evory opcrator which has a list=form rop.oescotatioa 1o local.

In cectJI® 5 various constraints are imposod on lists
and such constreints are interpreted in terms of | =cpoerators'
propartics.

Bepork. To analyse the oporators of type I Murakaml (1968)
usad the boolean functions' technique.

The similar tcchnigue can be usod in our study of operators
of type IlI.

Lot uc fatroduce the following losical variables £; (2 x)

( Lalgesepv )t

EL %) = 1, &£ "CGCL’(‘)O;
=) {°~“ e ¢ Co(X)

Thon locality of a woting oporator is equivalent to the
cxistenco of a boolean function T, (fi,- ,,)gq) s Which
tisfics the condition

f( x>(51 E):{" i DCGC*'()())
y 2 27 hi o.u xéc*(x)

The list-form represeatation of [ —oparstors 1s directly
rulated to the above booloan function. Namely, eech growp WY/
10 to 1ist -12(%,X) corresponds to some totarity i .....f,,, of
variables for which ’f(—;;x)( -pi peesy gh )= 1, and w&X)
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consists Just of indices ( of those wariables ga in this
totality which are equal to 1.

If the function ‘f(qe,x) is represented in a perfoct dis-
Junctive normal form (PDEF) , them the 1list @(2,X) eone
sists of groups w®%) ghich correspond to conjunctive terns
of such PDNF. Bach such gpoup %) consists of indices
of those variables which are included in a given term positively,
feCe ac 8,; s DOt e;{ o

On the other band, the reprosentation of a function 7[(@ X)
in a perfoct cojunctive normal form (PCRF) creates a possibility
to construct ancther list 5) (a vet of groups of indices)e Such
o list consists of srowps £(*') which corresponc to disjunctive
terms of that FCIF and each :roup ac previosly includes indices

J. of such variables Ed which bclons to the coaformable term
in a positive way, Using this "dusl” list é (“)X ) a "daal"
list=form representation for sivea L-operato: ga:: be obtained

[26 W= £ 6GX) V(e xyfc.OP Ak ],

3. Charactepistic clagsco io the set of local operators

Introduce Bome charecteristic conditions®’ aimilar to those
coasidered in Arrow (1963), and followinz paporsinvestigatcd
operators of type I. These conditions and the corrosponding
classos in ol are numberod a5 1°,2%,eees5% In the formulations
varw CF()= F({GOR

1. Sovepeirmty (noo~-imposodness). This condition 18 divided
into two conditionss

5) Botice that the analogue of Arrca's mein "independence of
irrelevant altornatives™ condition ™ the locality one~ 18 not
picked out separately. This condition 18 i:cludod, by Gefinition
1, in the formulation of “cpcrator's locality”, 1.0. 4n the defi-
nition of the sot o



1% Positive sovareijnty — forovery X ¢ £ ad zc X'
there exists a profile {(,()} such tat zcC¥(x) 3

12. Negative sovoreignty ~ for evexy ¥ ¢ £ aod rc X
thare cxiste a profile {(, ()] meh st =z ¢ £*(X)

Tho case when both conditions 13 and 1° are satisfied is
roforred to as sovereignty condition 1° ‘

Tho conditions 1° guaranteo for every X ¢ 4 tbhat a col=
loctive choice Y *=(*(X) 4s dopondent on the profile and is not
pro~defined by the “votin; systea” (by [, —operator) indoponden-
tly of thc woters® “opimions',

. ionotondedty. Let {C; (-)} ema {C¢ ()}bewopro-
£1les aud far some X €]l bolds z € (¥(X) « et an faclucion
N (5, X;4C) )V, X; {C()}) mm.nmmec*gx)
Where(*()éFHC()}) T

The mocaotonicity condition zuaraantoes that &f all voters \
who bavo alectod a lven variant © in toe choic. from X main-
tain their “opinions”, and scas voters who have formorly mﬁgctod
this variont in choice chanse poosibly tholr "jadgcnonts™ and Bow
eloct it, then this variant is incluiod in the now collective '
chotco®’if this variant T bave been included proviously.

Lne wonotonicity condition is a reinforcoment of locality
condlt:ioa'?). |

3°. loatgallty to yarionte, Lot {C; (1] ana ¢/ ()} ®o

1

profiles. If for every X' X', t', 2z’ mwx’e){’)#’gx”
nodds ' €7 (X') Hf 2"€Cl'(X") tor a2 { , then 2'€CX'x!)
s 2O (X)) ywwere CY'()=F({G()}) ama
C'CI=F({c/)]}) .

©) Votersc' "gpinions” with m&ttowm(y‘ fron
set X \{x | may ctance arbvitrorily.

?7) If an operatae [ which is not assumed to be local

satisfies the monotonicity condition, then -~ obays the locality
condition wittingly.
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Tho condition 3° is essentially a conmbination of the two follo-
wing coanditions.

3%-a. Indepcendence of cootegt (on X ). let {ci()}m
{CZI(')S’ be profiles. If for every X',X" and some = such that
xeX ze X" Bdd we () (X') M xe(l (X") forall L,
then x ¢ C*'/(x' ) e xecCX(X")

3e-b. Independence of woriant (oo = ). Let {(/()}end
Jc{' ()} be profiles. If for overy ', x" and some X such
that z'cf | z'e X boMe z'e(/(X) M x’c(/(x)
for all | othem ¢'c(C¥'(x) iff z"ec(C*(X)

sach of the two conditions 3°-a and 3°=d 18 a reinforcement of
the locality coondition.

a8°, Houtpolity to yotops. Lot 7/ bo & one-to-one nAPPING
(a bijoction) of o/ oa A o Where A ={%seeep L | 18 & set
of wotero! totteos. Twen F({ (0 ()})=F(§Cper ()})

The conditions 3° and 4° guarantec the woting aysten to pro=-
dict "tho & .me attitudo” to different veriants (and to their sets
X ) end to differeat wotess accordingly.

5. Unanialty condition (Pareto principle). If x e C;(X) for
all Len o then = €(*(X)("positive unaninity", denoted as -
50)3 12 24 C (X) forall LeN o then & C* (X) ("negative
ananinity”, denoted as = 5°%).

Introducoe now a 1list of booclean functions® properties I-V
which arc eguivalent to the corresponding /.:-opal'atota' proper-
tics specifiod by the conditions 1°=5°s Yz, X:-ze e

. fan (OF0 v faeny(0)# 41 s

II. @ function J[(x,X)(e) is oonotonici

IIl. f(‘x,x) (6): f(r’,x’) (E) V"I: X"”’éxléﬂr » Le00

Fx () =F(€) ¢ T 18 1naspendent of * aad Xy

111mas T ) (€)= F(x) (@) ¢ ¥ 16 independent of X )y

b fxx) €)=Fxy (€1 T 1s indopendent oz < )y
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IV. A function 7( is symetric on its arguneuts;

Vedexy (1)1 vty ..0)=0

It oay be easily shown by sone examples, that thore exist

|;=operators which satisfy or do not satinfy esch of these
characteristic conditiomns. Honce the classos of | =operators (the
classes in the set / ) arc isolated with these conditions.

The classes in | which are isolatod with theee conditions
1°-5° arc deactod 88 /|!° seses A5 .

Tho clase in J 4in which the conditions 1° end 2° are obeer~
vod is furthor roferred to as Basic Hogionj the class in which the
conditions 1°,2° and 3° are obscrved is referred to as Contral
Hogion, and the class in which the conditions 1°,2°,3° end 4°* are
observed is roforrsd to as Syotrically - Contral
Hozion. Those Fcsions are denoteu as _ABR, ‘CR and ASCR, accor-
Ainly.

Apart froo those Reoglons the following four spotial operators
are piciied out in J - two “trivial" .nd two “extreme" operators.

nIrivial" oporatorss 1) operator gonerating for all Xe¢ 4
C*(X)= X 4nderendently of the profile { C;(.)} & 2) cperator
goneroting for ali XEf CX(x)= QS indopendontly of the
profile {C: ()] »

uxtroae oporators: 1) the operator "unaninmity” which generatos

a function (¥ (>) in the following ways ¥/ Xc A
)= NG
LEN
2) the oporator "at loast onc wte ay”, which gonorates

C*(X)';g/ Colx) , ¥YXep

The four opcrators are hereafter deancted as 1,0, UV sma’V .,
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Considor now & list-form represcatation of L-operatm and

the subsets of the sot P (which 1s equal to J ), which are picked
out with the following conditionss Y X¢Af smd Yz e X ¢

1*. SZ(Z)X):)‘:¢,

. QCI,X)#Z'J;

I1. let w@,)()ég?(u)x) o Then for svery .5 such that

w(x,x)ga)’_(: (\/ holds (Z:éQ(%,X>,"

I1l. Q(m,)()r@(ac’, X’) Vt')X/: ’LGX’ 674)

e (2, X)= 5205, X)) ¥ X ef

b Q2 (% X) = &2 (2, X) Vn’éx

e tet O (2, x)={P,. ., Sff,y n be 8 ono-toono

ceppiaz of 4/ on ,J - Desote p (1) (zX)) [0 jjecs™

wad 1 (L)) =), |, g (wde)) oo
n(LGx))= 5i(xx);

LA IJCQ(L X)'
V. P& Q(z,X

_w_.cmmmtmmg,pmmuehmfouwmu

charactoristic condi.don 15, 12, 2°, 3°, 3°-a, 3°=d, 4° 55, 52
coincide with tho classes of tho set P , which are isolated with

8) 4 list-fomm represcatation of | -oporators which satiafy

the condition 4®* of nocutrality to votors may be as well as by coo-
dition IV charoctoriscd by the following equivalent condition

e, \[)(71 ) LEXG#, w E Q(x))(),cctta/cwgz
- cazcj(w>==7w'6§2(’°,x)
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conditions I',X", II, III, IXI=., IIl=b, IV, V* and V", sccomdingly.

The proof of Theoren 1 is immediatoly ceen to follow froo
comparison of definitions 1 and 2 snd from conditions 1°=5° and
I-¥Y considered above.

If a class of | ~cparetors for which the lists satiafy some
of conditions I-¥ is deacted 88 Al geee, AL Shem the formule-
tio: of thooren 1 may be written down a8 N'Ge N geees ATm/\Y

It is cssily secn that for two classes isolated with two
conditions | andd the eguality _Ai"/’(f:_/\‘L[)/\Qi holds.

If the conditions I-¥ of | ~operator [ givon in the
list-fora are re-~formulatod as tho corresponding proporties of
the booloan function f@x) one can be convinced of the coin-
cidoace of those with the conditions I%,...,V" of the boolean
functions, which have been established wien such re-formalation
of conditions 134eees 52 bowe becn parfornod. ihis recark mey be
rezarded as the undiroct proof of Thoorem 9.

Thooren 1 explains the “arruncencat” of |, =cporetors shich
neet the conditions 1°=5° and in particular, the conditions 3°
and 4°,

When {for example the condition 3%-a (indepondence of the
context) is cboervod none of the lists <O (x,X )dspends on tho set
X. G2 (=, X)=G2(x) for a1 X 4 .0, L =oporator 1o 1a the
casc definod with totality of m lists ( ,m:caza'(/l). whore A
15 & set of all variants) of the type (2 (%), . .., G2 (x.,). The
clase \”©ar | ~oparators satisfying the conditica 5%-b of
independence of varients, consists of oporators defined by 2 - {
st 52 (X1 ) yoees Q(Xam_i> for all noo-eapty subscts X of
A . Finally, every |, =operator for which the neutrelity to
variants condition holds, may be representod by the uaique list
5P (W4 geses 6] forall = ama X . In particular, when
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C2=2" the 118t defines the [, ~cperatar 1. Go the other bend
tho case Q=¢ ropredcnts the | =cparator O o

Considor now mutual relsticns betwesn | —operetors® clsssce
which meet the conditions 1°=5°, i.e. establish the noo-expty in-
tarsoctions of the classes. These relations are convexisnhly repre-
sented using tho Mler-Vamn's dliagrems.

Thoorep 2. let a profile { (: (*)}oconsist of arbitrary choice
functions end C* () may be an arbitrary onc t00?’. Thea the clas-
868 /|'* seees /|’ are mutually related in the set J 4in such
-qyaaittaaham1°)onrxg.1nd2.

Froof. There are 128 conjunctions of the conditions 1:,....5:
and thoir negations. The implications considered below hold. Somd
of these implications are obviocus, and tho otbher ocnes are easily
shown to follow from tho list-fora ropresentation of |, —operators.
It 15 obvicus that 50 => 12, 52 = 12, 15 /13°2°,12N3"50¢°
LAY 59, 150382 50, 15,N2°550 12 n2° 5=,
Purthormore, 1% N1% N3° = ¢ . Indesd, 12 N3° apliee S2(2X) o
¢ o¥r,X. zeXeffi | The intarcection i3 13° gpltes
Q(e,x)=2" ¥z, X . rioattg, 33 N3°>4° am 12 N13°54° 10
dood, the conjanction 3 N 3° defincs a list-form represcatation
for which SL(z,X)=¢ ¥, X , and the conjanctica 1°/13°
definco tho st G2(2X )=2N  Yx X « Obviocnsly, mo such
totantamdgroupsmchancedybmmonmmppinsof/‘}/
on N 48 perforasd. Only 38 conjunctions from pocsible 128 ones
maintain the above propexrties. The other 90 conjunctions isolate
expty class.s, which do mot include any L —operetors.

Those 30 conjunctions of the conditiomns 1;..... 52 and their

X N
9) The cases when functions C-) as well as ¢ ()msone-
bow imposed are studied in section S.
10) Aathors ask to0 excuse then for using figures in the state-

@ent of Theorem 2 and other  thoorems. Unf t
mmmmmwmm&?m



negations pick out non-empty classes of | ~operatorss:

43 1 N1 022 N3P nkenBy N52 208 49, N A% 0T° N3° N4°N55 N5
21 15 N2 N2 A3° NF 155 N5 @18 15N n2n3ensnsanse
3¢ [ N12N2°N3°NE°NBE NEL 228 T N 4° N AT NE°N5Y N5
as 15 N12N2°N¥AL N5 N5 23 15 N4 AP NPNE N DS O5°
5: 15 N1 N2°NFNL°N55 N5° 288 12 N2 N2°N T NEZ° N5 N5
er 13 (112 02° N3° NE°NEL NBL 251 15142 NP NFNE° 1FS 152
9 12 N1 N2°N2°NL°N53 NB2 26845 NS N2°NFNLTNTT N 52
g 45, N2 N2° N NUON53NE% 273 45 A4 A PN TN4° AT N52
gs 15 0112 N2°N3° N4° (5% (B 28 T3 N42 12°NF AU NB3 NS
108 15 (A2 NZPAFNE05% NEL 294 4204 NP NTNHN5L NEL
a1s T NA 02N 047 N5S N5 304 15 NAZ N2°NFNALONES (152
12y 12 N42 nrnse N4°N5% N2 3 45 N4%2 NI°N3°NLE° (5% N5
a3 13 041 N2A3° n{" N55N5% 324 45 N 12 N2°NT NE2N55N52
ags 15 N4 NZNFN4° N5TNET 534 43 (12 N3 137 NE°N5L N2
a5 1% 012 022N NAPNE, 052 344 13 142 N2°N3°NEN5S N5
q6: 15 N2 N2°N3°NLYTNSS NBS 355 15 NA2N2T NFNLNES N5
a7s 4201 022N NUNELNEL  36¢ 4% 112 N1 2°0F N 4N S NBE
qss 45 NACNPNT AU 5L N5 g d% 042NN LN ELNES
19: 1% N2 12°03°N0° 5% N52 38515 N42 N2°N3°N4°NES N52

ixooples of L-—opemtors for 26 conjunctions with thelr

nunbers given arc shown in Teble 1. soch of this coajunctiono
corresponds to its coluon which consists of four rows indicating
1ists for tho following "varlantesct" pairss (%A ), (<, iz ¢} ),
(x,5%,23) ona (= 4%%) ,when A= {242} ena N =
= 1,2,3 « P other pairs of type (t,X), where TH+% , Xefl
the lists may bLe mtulmmtwthecmmdmgpm

of the type (T’C;X) « Such lists ere easily checied to satisfy
the corresponding conjunction end, bence, the class defined by
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this conjunction is not expty.

ixanples of | =opcrators for the conjunctions wit:. the num-
DErE Of 6,12410920921425929930433938437 and 38 (which are not
shown in Teble 1) oAy be obtainod by the examples for the conjunc-

tions with the DUDDOES Of 4430, M,18,19,23,27428,71,32,35,:0d 36
accordingly, acouning that 3° 15 cboarvod end, the list () 1s
assuped to be equal to Q, (t)A).

|, =oporator with SZCL,X)rgs?Vc,X: cefefl o Le0e
the operator O 4ic devined by conjunction 30. Conjunction 21
deincs an | ~operotor mith (R (£,X)=2" ¥, X : zeXef}:

i.c. operator 1.

The fact that 38 conjunctions are non—-ampty and tho othor
90 conjunctions are empty is illustratod oa Figs. 1 and 2.

Fice 1 and 2 imply that tho four conditions 13, 12, 2°and
4° are jointly indepondent, l.c. there exist [, —oporators,
which satisfy each of 16 possidle conjunctions of theoe conditions
and thoir nogationss class \°* lies within class /|'* and the in-
toroection of classes /\" T end /' colncides with the intersection
of classes ' end Ag'jclaae N 1s locatoed within class A'-
and the cloos M- 12" cotncsdos with A "% 4 class AP is
put strictly within tho intorsectica A'* "1~ except for two
trivial operetore 1 and O: These operators are located in the
classes 7 "% ema N°"?° accordingly.

In Fi.4 shows relation botween the conditicns 1°,2°3° and
5°. 7he Basic Hesion /\P® , in which the conditions 1° and 2°
are simultacscously satisfiocd, shadod. Oo Fig.2 with condition 5°
instoad of condition 4° shown, tbe Central kesicn A™® also shades.
In this Centrel Recion the conditions 1°,2° and 3° (or, oquiva-
lently, 13, 2% 3° and 53, oF 12, 2°, 3° and 53, oF 2°,3°,5; and
5¢) bold.



intuitivoly apparent the notion can be formulated as some doter-
ainiotic rule socording to which variant ¢ X 418 eitber included
or not into the chofoe (” (X) depending on the inclusion of o
into chotce (", (X) of some woters. One can say that the eaunera-
tion of such voters jJust define the rule.

The formulae definiang opcretors ¢ and vV (esee soct. 3) may
be considered as exanples of such nochanisms,

Usinag.-asweuns &Wﬁmlﬁm@emm
mochanione which generate [, —operators from Basic Region /\ *F =
= A°12° | vat firet, wo define the notion of a basic list for
Sivon 1ist QU;’Q

Definigion 3. The totality of crowps { 0™ )] trom toe given
1ust S (x,X) 1s reforred to 2s @ besic list for =2 (x,X) and
denotoa as 322(2,X) (Qﬁ(n,)(ﬂg?@())u

a) every suparset of each of these groups (o (™) bolongs to
R,X) s te0a Y& D2 w8 > & (%)

b) no proper subset of any of these groups e X) belongs to
CUeX) 4 tuoe Y52 Scw @0 = Sk Q(x.x)
For the L —oparstors, which satisfy the coodition 2° (in the
case tho st 12(%,X) satisfies conditica IT) it is obvicus that
the baste 1st 12°(%,X) 15 the totality of erouwps « "’ froa
G2(%X) ainimal in set=inclusica (1oes the L1at S2°(7,X) 1s
defmodanlyhyconditm@ ), and, therefore, given the basic
1st 7(2X) the whole 118t 2 (%,X) for sach operatars 1s
defined in a unique way.

Definition 4, L-operator F ’;-refermgtoas‘a"m!.on\
o intersection” operator (zarking UrL »y, ar S?AB("‘:X)‘— ‘LW‘(:X

seny (,)S(Z;Xx)) s Where wb(x,)()g Kj/ ( Vl'/ = 1.0... S(ac,)()’) S(‘;,X)#O)

arc arbitrary nonecpty subects of N .
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Using the boolean reyreseatation f(*,X) (&), ) én) of
|, =operator [ o operator "unicn of ianterscction” msy be write

ter. dowmn ss
S )

S @ 0) N N
4’4 Lew(t’é)
i.e. the varimt 7 1s included in the cbosce (*(X) , 1f a1
votors from at least one growp wf“/x) include T 4n the
chotee (; (X)
Using (C=represeatation of operators /  the opcrator (I
may be roprecented in another fomm, namoly

1 (x,
ol 0)=N N e,

J=t e gﬁtﬂ)

Such an operator is r.forred to as an "intersection of unionc®
operator and marked as 1 U] o

The classcs of operators Ul and ] U are hercafter demoted

uI&,)() Iu (‘t,X)
as [\ and /\ accordin;ly, whore the precence of the pair
(x,X) 1n ;;?mntbeais ocuphacize the fact that the totalitics

£ x,X /
{wé /X)},j )ara daefined for overy pair (;9)() separately,
Fron the definitions rogarded above it is cbvicuc that

w)X ("'—,X
1) AR = AR o ReR)

How sume particular cases of operetocs “union of interseo~
tion0™ and "intersection of unions™ will de anmalyzod.

Defipitign 5. | -cperator T 18 referred to as e "partial
intersection cperator” (merkinz - PT ) if Qe(t,)Q:{w,S"’X)j
In the case, appareatly

f(*/x)<€1)" " s )= /\ e;{

Le {,.)f") X)
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Definition 6. L—-opamtor F 4s referred to as a “partial

» - T % X)
union” operator (msrking = PU ) 48 QB(Gx)=[w{™¥, . w71
card (w(t)()) i .VA 81,.-.,‘60& X) .

Basic £=1ist for cperataer Pl is represcated as &B(z)()-
.{E(‘AX)} « Beace

JC(I,X) (fi, : () ) % &L

(es X
Pefinition 7. |, -oporator [ 415 rcforred to &s a “decisive
m&%%(m DV de 12 Q2% (2, X {wé"”})
card ( 0, ") ) w1y fese WO - ¥y
In the case

jﬁ(r,%) (61).,, ; e, ): £,

The classes of oporators Pl o PU and DV are denoted as
A_P.T(t))()) APM(%,X)M A%V(t,)()' accordinglye.
Lefinpition 8. | —operator [ s reforrod to @s & ™ K(x,X) =
plarality” operator (markinz «P ), if Qg(r-,X)-{ 0,05 geves

(x, x,
o)} e cama (W570) = K (xX) Vi=4,...,s(xx)  eod

x, X
S(x,X)= (K( )> ¢ Whore /K( )) is the n.mber of coobino=
tions of n things k(x X ) at a time.
For " i (x,X) =plurelity” operators holds

S(ec,)()
7((1')()(617.”,&»): \/ /\ v eL
J=t Lewd“‘-’o
kp(‘k X)
Tho class of all  «P=operators 18 denotod oo N .

when k(X)) [%]+14 anopmcor@ k (x,X) —plarality”
nay‘be_ undorstood as the "plurality rule” (see, e.g., Richelson
(1976b) ) definod for each fixed X
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82’1’111))( [ )
dbgoreg 3, Tho intarsoction of the class of all [T ~gperadtrs
with the class of all pj/~operatars coincides with the class

of all (Fy=cperctars. Tho intersection of the class of all
P=cporators with the cless of operators: a) "decisive woter”,
b) "purtial intersection” and c) "partisl unicn" in the case
a) is empty, in the case b) consists of the unigue opcrator U o
in the case ¢) consisic of the unigue operata \/  1.0.
API(=,X) ~ APU(L X . x
A NN ’:.A‘BVCM) APER ) AP0 71)7

p 1:.’) x (3 : :
AK (2, % N /\PI( X) - U,' Akp(,x) /.,E)Apu(t,x) -V

Proof. 1% us proove the first statenant of Theorem 3. For
Pl -—operctor the 1ist Q}@,x) is defined with unique group (™Y
ond for Pl =cperator every group «w©7°  from Qs(%}() has the
cepdinality 4. It imnodintely proves the statencat.

a)for P =operctor wher yx & 1 the nst@&(n))() bas to con-

sist of all oneeolemont subscts of Al , and for oporatae P|  the
list 52"’@,)() ccnoists of the unique indoxr (¥

b) An operator Pl ic defined by the st Qe(x,)()ziiwi(”/") {
If thic opurator 1s & kP =operator too, then wf"-/’o:,\/ .\7(1.' X » (]
reX€fl , tee Q-B(x))()r Q={n} . matie axactly tho
ligt=-Torn represeatation of an cperater U .

M) ‘u‘s’hﬂlké—%’ the spplication of the tarm “plurelity" to

«P —opematar 15 1n some scose conditicnal. In particuler, when
K = 1 vationt = by operatar «P bas to be included in the
choice zrom X 4f this varient is included in the choice from X
by at least coo votary in other words the operetor © {(xX)e=plure~
1ity" is the cperator \ . Apparently the operetor " h(zX) =pla-
rality” 1s the operator U .
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¢) An cpavator P(/ 1s defined by Ust (2°(xx)w | w0
sove ‘*)1(?3)} o wben card (0*)) =1 , Vi mYgeaag L(xx) o
I thic operator 18 a  kP=cperator too, then sppareatly (D%/:y)e
)L“})‘ ,\7{;/),}} oV X zeKef o That 18 exocte
1y the list-form representation of an operator V <

7ig. 3 illustrates the mutual relations between operators?
clacsses cobaldered, which follow from definitions 4«8 and Thooren
3 '

Consider mov same important subclassecs of the operators’
clacses resarded above. Uporator (/I is referred to as an indepco~
deat one, if the booloon function (. x) 48 independemt of
paranctar X s ie€e f(x,x)E][(x) or, in tarmc of Q «£OpI086h=
tatton $2(xX)= (D(x) ) . The classcs of indepeadamt opara-
tors, which are subclasses of those stated in definitions &4=E,
are dosotod horetn as A1) /fu(’c')7/\'@0‘(")’/\_"I (*) ana
Akp(%) . g ARV

Operator Ul is refereod to as neutrel cne if the function
Jc(x,)Q ic independent of X as well as of T » 1o, j,'(x,x) Ef
(1 tarw of 42 ropresentaticn, sccordingly, G2 (x,X)= (2 )

The classes of neutral operators, which corx-osponilﬂtao thoce
stated in definitions 4=8, are hereafter demoted as /L Am) A7,
etc.

Thooren 3, tho equality (1) and the corrosponding definitions
are easlly seem to imply

copoutarg 1. A A |

. _AE,R (\ A'so_q _ uI(«-)z ﬁ\d (T—)) AB& ﬂ Aa,"_a ﬂ[\gc: AKP(")

gorellacy 3, N NAT= A= NENS A N0 82 NP

:_/\kp(x)X)

. .
Using noutral cperators allows defining the walue C (X) of
the coilecsive choice function by the values CL(X> of functions
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(L (-) only with the set~thoory cperetiens. Pormally, when tho
“neutral union of intersoction” coperator is used, then for each
value (C*(X) bolds |

S
) =U 1 ¢.(x)

J=1 iewy

d

t
For noatral operator T U s C*(X) = ‘Ai 'Leji Cux),
=1 otee)

neutral oparatar P s (%(x) - ,QJ Co (X)
noutral operator PU s (* (x):'oe 1CL (x)
Ltceq

noutral opurator ¢\ s c*(x)z Cix (X)
noatrol  (P-operatar (¥ ()= kSJ N C.(x); where
card (wd'): K "VJ =4 ..., i?(&?w‘f

Classes of the above oporatars in tho”independent subsct® of
| satisfy tho relations which have boon establishod by Thooren 3,
when corr.spondin; markin;s are substitutod. Furthermorc, these
classcs are mutually related as wcll as the elasscs '’ ond
A1) ang thotr subclacsos.(soe iige 3)e Obvlously, tho clas
ses of ncutral operators ero related in the same waye In particu-
lar, the classas A", A" ana A?" nect the comdition ATTN A e
«/™ ond whon card(N )= the class A* consists of exactly h,
oporatorc (When T = 1yeeee U, accordingly)e

Xonari, An operator “union of intersections” may be redefinod
to envolue the cases &?&‘}X’Q(n,x )= ¢ ¢+ OF noD=copty
totality &2 (x,X) = 4 W [5(X)  concist of at least omo
eapty oet of indices w{")’”;% s dse0 ¢e G2 (%,X) o In the
first case 1ot f(xx) (f1,.,., 0, )=(0 o ond in the second
onc JC(z,X) (64, Coa Zn )E ]

The opcrator "intorsoction of unions™ in the amalogous cases
is re-defined accordingly in the following weys when & (=X ) =&

et fo )21, endwnem P8 (2X) =10t ey =0 oBotice
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that tho case () (x,X) = ¢ for operatar T corresponds to
é(aa,)ﬁa}é for operator ] (| o and, vice-versa, the case
Q(xX)o $ eorresponds o £ (=X )=

Sach re-definod cperators arce maturally refaorred to as tri-
vial onos. Whon the oparators “ncutrel union of intersections”
and "noutral intersoction of unions” are rogarded, the re-defini-
tion fixos the operatars O and 1. In particular, fa the opeare-
tor "noutral unlon of intorsectionms"tbe casc (2 = ¢ corroesponds
to the coperatar 0O, andt&caae@a%commdstcmopera-
tor 1. Apparontly, the classos of oporators "union of intersce=
tf%g? ; tc_r_gegt_(gn iependent union of intersection” and "indepen~
dont fatorsoction of uniono™, “neutral union of interseocilon" and
"noutral intersoction of unioms") re=dicfincd in such a way coincie
dog with cach other too.

The oporators' clasces which coasist of the corresponding
trivial operatars is roferred to as a "replenished class"™ of ope=
rators and donotod ac ™ o For instasce the roplenishod class
of operators "neugtrol union of intorsections” is easily seen ¢o
beamimafthetriviulcpcmtcrs/\()and%anﬂth@claas'mﬁ-
ral union of intorsection”, 1.6. Aul = A\ U4iol v {13

The oguality (1) moy bde goneralizod when the ro-definition
of thc classes in quostion is performed in tho followin: way
. 1\20 _ _/\&\f (e,X) _ Af\&("t,)()

Thus the equality (2) ostablishos the form of cperators which
satisfy the monotonicity condition, amd therefore frono (2) some

statonants about the form of oparators froa iatarscctions A° (11
ANAT , ANAC o peees AN gotiow

as simplo corollaries,



In previous sections we assumed that a profile {C; (.)} nay

consist of and [-operator F may generate any functioms
rmn@ s 1,8, the domain of operator F 4s n-tuple direct
product@x@X,HXG and the range of operator f 1s

@ . It is however interesting to consider an oberator F with
its arzuncats - functions C; (- ) = belong mot to the eatire space
2+ but to some restricted dodain in this @pace. Such domain

12)
may bo named the setting doaain of operator F end dencted as

Qs ( Qs cCa
Loreover, it is interesting to restrict the renge of the
operator [ to some predeternined docais (3, (5. In this case
we will assume that (J; =(3., = (3 » iee. choice functions which
are acceptable as individual choice functions are acceptadble as
collective ones as well and vicc-versa. 7his situation is natu-
rally laterpreted as closcdness of the dosain (3 to operetor [ .
pofinition 9 The docain of choice functions (L CC  1s
salc to bo closed relative to operator F € I a2 F({Ci(0})eG
nclds for any profile {C;(-) } comprising the functions Glle@
the donain A €(5 1s treated as "clocod relativu to $he class
of opcrators F < 4" 1f 1t 15 closed relative to every operator
FeT . sach class T will be called & "clase of operator
closedness” Zor (2<(0 . The largest, in set-inclusion class
[\ of opurator closedncss €or @C@ (.ce the class N compo-
sod of all operators | rolative to whick the given domain

42) In this case the domain of operator [ is Retuple
direct product G-s X @g XX @s againat hetuple
direct product @x.”x@m a general case.
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is closed) will be called s complete class of operator closedness
for ( and denoted as j\@p

The following lemma holds

Lommag 1. Let /L@t and _ALGH be complete classes of operator
closedness for @' and ()" « Then for complete class of ocparstor
closedness for intersection '/l Q" the inclusion Agi N A <
A ’R'na" holds,

Proof. Buppose F e /| o N N @v o Consider an arbitrary
profile {Ci()Y such that C;()e Q'N R" V¢ , . For C;()ely
end C;()e Q" it follows from closedness of ' and
Q" relstive to F that F ({CL(VJ)E R' ana F({C((-)})GQ"
and just F({}k(-)ﬁ) € Q' A" . This correlation means exactly
the closedness of domain (R'/]@]" relative to F , i.e.
Felgngn ™

For the domains in (9 considered below more rigid resuylt
than established in Lemma 1 may be stated, namely, the inclusion
is transforued into equality /g /l A(Q" = Aa'n Q" . This
result will be established after the proof of Theorem 4.

Let us now introduce some characteristic properties of choice
functions, which isolate some domains in space (? .

Definition 10. Following13) to Aizerman and Mslishevsky (1981)
e function (;()e (®  is said to satisfy the condition of

- B (Hozitage)s YX(, X, : Xy e X, =C(X)2 COW) NNy
- C (Concordance): VX, Xy = CX)NCx,) cC(XUX,)

13) The papers in which the conditions Hy C, O and K or
their enalogues are introduced are cited in Aizerman and
Malishevski (1981),
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=0 (Independence of rejecting the outcast wariants)s yyi,xz_s

X1 € K NCO) DN ) = Clx,) 8

- K (Comstancy)s ¥ X X, ¢ X <X, X, nc(x‘z);egﬁ =

2 C(X1)=C (X2 )N Xy -

San (1973)6= also Aiserman and kalichevskl (1981)) show that
in the space of all nom-cmpty choice functions the conditiom K
and intersections HNC and HNC O 4solate functioms, which
sre generated by pair-dominant choice on an arbitrery rclation of
the weck order, acyclic relation and strict partial order, reep.
In space 6 of all choice functions the intersection HN(C 1iso=
lates functions, which are gemerated by the pair-doninant choice
on an arbitrary binary relatioa. Bosides, the condition X s&snd
interscctian HACN O f£ix the functions which are genersted by
maximizin; cholco with any one scalar criterion and 1 =tucle of
criteria, resp.

The domain in @ which coansist of functions mooting the
conditions HyC,0 and K will be dencted by the same letters.

+6 will now analyse conditions emsuring the closedness of
funiazental donnins H,C and O and their intersections. The comp-
lete €las.os of operator closednens for these domains sre denoted
as AH ’ Ac voo Linc ® etc.

let us introduce the second group of conditions in lixt
$orac.

vio ¥ X X xex'axeR, LoeQ(I,X)%a?:wé&s»/ﬁ&“oeQ(z)x‘));

iz, Ko X'x, 0 o B NG XN e) ef) ) weXe A
'€ 52 (2,X), e Q6K w!nw's s e NS x i),
4
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am VX, Ve e X, Yo o, 8w eQ k), o 626,00,
wiw'e Bewuw > & eL(x, X\{g}); Vae)(, 244,
Yo' w' s w'e Q(Z,X), wNw'e &"¢ w'yw'
> "4 Q(z,)(\{g}).

Thooren 4. The conditions VI, VII and VIII are necessary
and sufficicent for closedness of domains H (coaditicn VI),
C (condition VI1), O (condition VIII), resp., relative to the
set J of all local operators, leee Aw =AH,AW :Ac_ and
V_‘_“ T
A - Ap *

The proof is siven for the classes ‘AH . Ac, and Aasepa-
rately. ‘

1) glass /A 1 . Necessity. Assume VI to e fulfilled. Show
that C¥*(: e H .+ let on the contrary there exist a profils
[tk x X' « such shat ze X' X €A, reC*K) ana
T & C¥(X')+ Simce T € C*(X) . thenV(r-,X}‘iC;,(')})e Q(i,)o
stmce C ()e H ¥ieN s LeVie, X3 {C()} )  ena
VXK = 1 eC(X) o them Ve X3{0 ()F) e Vir Xs ¢, ()3)
simce z¢ C¥(X) , Le.*\f(vc))(’,' {CL(')}) ¢'S2(1,)(‘) and the
condition VI falls, ,
sufficiency. Lot (* ()¢ || o Show that condition VI holds.
Let on the contrary thers exist X X', =, w, & mch that
x€X|CX€ﬂ7weg2(t)X),w;w and&v)# Q(L,X() « Consider the profi-
10 {C.()} such that ¥ie (W \w)WWNB) Dzéci(x), =40 (X)) s
Yie (Nw) NG S 2d ¢ (X) o 2e G (') sVWicwnT =
';?’LGC;(X) : JCGCL()(’) e It 18 obvious that each
of theoe denands does not ccatradict tho condition H o Thon from
Vi X; 160 )= N (= X ){0.()})=B 16 follows that e CHR)
and 2 & C¥(X') o which £.1ls the swpposition CX()c H
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The statenment of theoren 4 sbout coincidence of classes AVZ*
and /\ ,1is proofed.
2) M Hecessity. Assume VII to be fulfilled. Show
that (¥(.)e(Ce Lot on the contrary thers exist a profile
{cc)§e X', K,z such that z ¢ C¥(x)/)(((¥na
pq CF(X LX) Stmee we (X))o them Ve, X' 8 {0}
€ G2(x,X") o Stalarly, V(e X' {6.0)F Je &2 (XY
Lot us consider (e V(x X ;{GOI)NV X e, ()} ) Since
Ci(-)eC , xe Co(X U)(”) » then V(z,;(’} {C;(.)})()’\f(%)x”). K*U‘D
SV (e, XUX"S €Y T ) o For xLCX(XIUXY) 1
immediately follows V(= X'UX" {Ci¢ )}) ﬁgQ(x}X'UX”) and Just
failure of condivion VII.
sufficlencys Sippose that (*()e(” o Show that condition
VII holds. Let on the contrary there exist X' X' z, w/w* &
suci vhat X ¢ X" X"4X' we X UK @ (k') (eSex?)
Nt e e asd S&EGL(e, XUX”) ®ly & tntersections
of sets ' w' and (O and their complemonts are acceptadble, onc
of which ic em.ty due to (o' NwW'< Y o Let us construct a profi-
le {C()} satistyins the followin condition (where K'={wy}
{2l . G)=X L2 Cad(X)=1):
@) Yicwnuw' nd ¢ (X)={x]; CX")={x], Clvx")={z}

B) View NN 9 CX)={xf; G ={2] c.xox") = {=¢5
o3 Yie () D' n& 5. (0= {yt,; C.(x")={r], C.(¢ux= {=2¢;
& VieW N ) 00hE) S (K)={xd ;G faf, CXK)= {2 ¢
ey Ve (N )N AN CX = {x; C(x)= {1, Co(XOX") =gk
£y VLW NN\ )N D 2 € (X)=1y5 5 Culx)={2, C(XUX)= XUX';
&) Y )N (WA D) 6 (x")=C(x")=C O<’UX")=¢~
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Bono of these conditions a)=g) contradicts the condition C
Hemca, the profile {(. ()} , Ci()eC o ¥ o for wnich
VX400 )=, Ve, X' 5 {eiC)] )-wiand  \(x, X UKD

= G are fulfilled may be comstructed
It follows ¢ C*(X') o zcCYW)amd rdC*(x'UX") which con=
tredicts (X(\) e

The statemect of theorem 4 aboat coilncidence of classes N\
aml,/\\c is prooved.

3)glass Ao, Two lemmas will introduce the proof of the
Ca30.

Lomy: 2. let oc_)ge)( Lo eQ(n)X)Dw’QQ(g’ X)

enw! e 5 covw! - Then there exists the profile 4C; ()},

GO0 Viwam V0K {C()})=, Vg, K {c()F ),

Ve, Xiyy;{ec)d)=86 o

£xeof of Jemma 2. Caly & intersections of sets .o . > amd
their coumsleneats are acceptable three of which from ¢S and
(5cwUw! are empty. let us consider the profile '{CL‘(-)‘?,
shown in Table 2 where X={% 4,2} X={zg} « In this
profile C () €0,¥i o and the correlation required is fulfilled,

leoma 3. let €y2 € X weQ(@)() o Jd& @,X)J
WEGRE X, inweBewuw', Wi e G e w'"v o .
Tken there exists & profile { Ci()},C()€O, ¥ ana

V(e X546 C)) )= 2, N (g, X540 ()] )= o', V(z X 4ec()}) =w”
V(=X Aghs 46O =, Ve Xqyk ,de()})-"

Eroof of Jemmn 3. Let us consider witLout loss of gencrality
)(= '{ *,3,2} e Only 32 intersections of sets co,w,w’ C3, &
and their complements ninetem of which from correlations wgﬁ)

N - t
Dewuw, Ww'eld" WD w'u w! are empty are accep-

table. Gonsider the profile {(, ()} shown in Table 3, In this
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profile (i()€O o¥i o and all relations required are
satisfied.
Proof of theorem & about class [\, .
Necessity. 5u pose VIIZ. Lot us show that (. (<) c(O
Assume on the contrary that for some X either A) 2cC¥(X) o
e () 0 2§ YY) s 00 B) 24 CH(X) o
3éc%o(> o zeC*’Q(\ig}) are satisfied.
i) since 'AeC*(X)}(«H,Q%(x‘) sthan wWe VI x o X 3

Le(F ) e SR (1) o W=V, X {60 )EDy.x) ™
55 =N (%, X34y 54G0F) QR (x, X 4g] ) » Show that
Ww'e O ¢ wU w! is satiufied. indeed, Vtew\w’=—>¢;e£

since L€ i, then e C(X),44C(X)  «For C;(NeD

it follow * € Ci(K 1y}) , and tuerefore, L€ . Furthormore,
YielS = tewUw' , The fcllowing four case are possibles

a,) n)2¢ C.(X) . Then fne{;(’,b()(\{gj) and, therefore, (.,4(5.\5 3
a,) xeCL(X‘))(j?}CL‘(X) . In this case (€.>  and, @MODeOVer,
Lew VW' ¢ &) ’JC%CLO(),H!QCLO() o Then (c(' , and bence
LE LoU w! y 04) tea(x),geﬁ(x).‘fhen Le on ! and, all
she wore, L EUW' o e have shown that the inclusion

Wi el e wlw' bolds, Since & $2(x, X<iyl ) the first
part of the condition VIII falls.

the sccond poesidility 18 =eC¥(X) o, Y4 ¥ (X)
24C¥(X), 2 ¢ C*(Xn {g} ) e Them V (3§, X §{C.()} ) -
e d R0y, %) WV (X 160 )=w"¢ &,X),

V(z, XMy} /1G()]) =w"€ G2 (2, X\{4y}) o As previously demonst-
rated it may be shown that the inclusion ¢\ ¢ ¢ W'
holds and since on eseumpticn (O'€ 52 (2 X\ 14} )  tnen the so-
cond part of the condition VIII is not met.

suticiency. Let C () € O . show that condition VIII
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holds. Acsune on the contrary that condition VIII is not met.

In the caso however according to lemma 2 and 3 for all X,"%j,
zym,w',w“,(,’z‘;,&’" there exists a profile {CL)} for

which the relatioms V(% X;4C()J)=w o V(4.X;{c:0})m
s oV X;hecO)) =" SV (x XMy} {e,(03)=&
VG, kgl 4c0))=&" bolds. The
£ailere of condition VIIT implies xe C*(X), 244CK) ana
oittor ©& (¥ (X\igljer 2€ CX(X\{y}) o Lee. the failurc of
the acsuption (X() e
Thecren 4 1S completely »roved. B
<“hree remarks to the Tueorem 4 will be givon below.
Zienapl: J. Bhen we Lave proved Thecren 4 in the part which
Geals with the eclass /\, we have actually considerod the condie
tion of closcdacss mot of tuc douatn O |, but soue other dosain
0’ o tuis comain O s picked cut with the following condition
Vg K:yeXCW=>C (X {y L )=C(X) . %a arvitrary chotce func-
ticn oboying condition () satisfios condition O obviously.

Por X= {mg,2] condition VIII therefare must be #dded to
the cuadition characterized the casc whon thoe subcot %33 is
sejocted frou X o This additional condition may be written
dous as

V& onwow)e & cwuw v =5 eR2(«, N yel)

Tho condition VIII charactorigos honco the closodness of
the domain ' , but 1t will be shown that tho condition of
closednoss of the denain O may be writton analogously and 1t
consists of the number of conditions characterising the closed-
Boss of the domains O 0" | ete. These domaine are ideatified
by the conditions of rejoctia; of every  F=clement subseto
( L= 192p00ey LTE<M ) of tho set .
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In this case it turns out Af the condition VIII is addod
to the closcdness conditions of doootno 0!} D" gtc., tho
propertics of the cperators class Aom not changed, i.ce. the
main properties of the class _A_o are defined by the vary cone-
aitica VIII and thercforc when the closcdness of the donain o
is consi.cred it wa: be restrictod to study only the class )i,

senaris 2e Aunons the oein assumptions of the paper there is
Lhe c;,‘.&ition’ CanJ (A)=m3z 3 ¢ The closcdness of the
aozaing || and (O bowever as it have boon i3:11ed by tho proof
of theorc. 4 moy be establiched just in the case when am/@):z
« In this parer we usc the notion of the commloto

class £ cyupat.p clos.uness _A for the domain () eGenarali-
zin th:.u .otion we could use uhe action of a class A(@ >@N)
coauisE 2l wll cucraturs vick Yeonsfruct' by the profile
{QO} )&(-)e@ ;V[,) a fasctioa CY() e@"

It io Jound that when the douzins H ¢ and O a8 (// and
tho dous.ac NG, NSy CNT and HNCAC as @/ whon ng QR ore
consi.eret bhe ccrossponuia. closocc ./\_(QE)Q") are defincd
with tue saoe coaciticns VieViil, '

Loace the follcwlng ceacralizetion of Theorcn 4 are perait-
ot

ilgopcp 8% FPor the fuaction CF(«) to be in the class

1) B whoreas @'=H or Q'=HAQ e& Q- HNC or Q'=HNCNO,

2) ¢ whereas '=C ar Q'=CN0 or @ =HNCNO; |

3) O wherees (=0 or Q'=HAO or Q'=CNO o Q'-HICNO
it is noccscary and sufficient that the list-representation of

L=operator F (CX()= F({ce (’)3), Ce (’)eCQ") satisfies the
conditions 1 VI; 2) VII; 3) VIII, rosp. |

In the foruulatian of Theoren 4 the condition which defines
tho class /A (HNC=>C) 15 not cotoblishod. This conditicn is
the nmodification of the condition YII and moy be written down in
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the followdng ways
vire Yx' X' e, w0, WIS X ¢X", X"¢x", ce'efp,
xeX"efl ,w'EQ (2,X), w"e SR (a, "),
Wow' =5 & e Qi X'Ux“y
Apparently when the monotonicity comdition 18 satisfied the
condition VII' coincides with the condition VII.
The results established in the Theaorem 4' ere easily impli-
ed by the proof of Thogren 4.
iheoren &' immodiately implics also the possibility of using
for the comslete classes of o crator closedncss the correlation
Nagagr=Lg NA g for the domains H.C and O of the
space (5 .
Theorem 4 establishes the list-form representation of
|, =operatare the com:lete classes Ay, A, anda A, of opo=
rator closednoss consist of. These representations give a possgie
bility for studylns the "disposition” of classes /|, , A and
J'\ in tho cet X  and tbolir relation with classos N .....A
ihgoreg 5. Classcs A .....A and classes /A, , A, and
are aatually related as abom‘m) by the huler-VYann's diagrans
oa Fig. & (for A, ), FiGe 5 (for A, ), and Fig. 6 (for / , ).
Proofe 1) The glasg v . (Fig. 4). From 38 nob-empty posoie
ble conjunctions of the conditions 1°~5° and their negations (sec
aect;i) in this case oanly 30 conjunctions with the aunbers 1=5,
711, 13-15, 17=19, 21=24, 2u=cB, 30-32, =30, 38 are acceptaoblo.
It follows from tho relation 1:ﬂ 5°-> 2° which 18 implied
by condition VI. The latter implics that the Central Region is

14) Classes 5, and 5% are not shown for clearness on Fig.
4=0p but in tho proof of theoren 5 these conditions are studied
as well as the other conditions 1°-4°,
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included in A .

2) glasg A, (Fig. 5). In this case,because the relation
13 n3° => 2° (wee VII) 1s satisfied the same thirty conjunctions
are acceptable.

Condition VYII however in-lies that Ac includes not the
entire Central Region. Indeod, in Centrel Reglion (i.e. when
conditions 19,2° and 5* hold) condition VII may bs written in
the following forms Yo' o' 5 w',d'e@,w’/)w”e&fsr‘/@ﬁe@
hence 8 narrower class than _ACR is isclated.

3) class Mo (Fizg. €). In this case we will first establish
some correlaticns between the classes of [ =operatorsa.

0 132N4% 03 = ¢

Let us show that there exists ©¢/A such that Q(«,A)*ﬁ
Assune on the contrary that ¥xeA G2 (=, A )=% « Then since
C*() €O  the correlation SRt ¥)=¢,VEeX sa Yy
holds, 1.0. condition 3® holds.

Lot us show that VyeA 2(y.A)f @ o Assume on the
contrary that there exists J¢ A sach that G2 (y,A)=p. since
for sume *€A Q(%AHQS , then there exist «w <A  and
we G2 (x,A)  end since Q(g,/l):yf , then A& Q(ép,/?)
It follows that Y & : W \N=PcDcwun=N2>TcLnAriyi)
t.ee W0, ANiyy) = 2 ehich contradicts 1,

Tous Y i< A Q&,A)#ﬂg « Let us show, that
Q&,X)#c}? YteX anda XCA « Since 1° bolds, then
QU EY  VEeX ama XA .50 foras RENFE
YicA o and since condition 12 bolds for all %,y ¢ A  there
extst W, W)W/ ana " such that W& GA(x, 4)
W'eBnA)  , WERGHA) W wW"eQAg4A)

mhen N &' W WM e B WU & el Ge A ig))und
YO" W™ ol e 5" e w'Uw’ c‘S”éQQ,A\{u})- It may
be shown in the ssme way that Q&,XH’¢ YXefl emt YieX
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By the property a) the conjunctions 3,9,14,22,26 and 28 are
excludod.

b) 1°/13° = 2% This property immediately follows froam
condition VIIX,

By the property b) the conjunctions 6,12416920,25,29¢33¢37
are excluded.

e) 12n1enDe = f

¢1) Let cord(X)>{ and tbere axists =cX such that
”%QU,X) » From 13 Vge)ﬁ Eweg?,(z,x) bolds. Then from
condition VIII ¥ 7. W :95 clocwUN=H> SGQ(y)X\{ZD)
i.e. gz,(z A\ {1}):2"/ which contradicts 1°%.

c2) Tot W&GJ (x,{v} ) + Constdar X-{24] + If 12 bolds
there exists w'{i@(a,x) and from ¢1) ,JeQ(x))() e Then
V& N e B eNUwW=N 25 eG(x,{x}) and therefore
Ue@(x,{’d) .

Yhis property eixcludes tho conjunctions 4,10423,27.

13012 > 3%

a) ¥ e R 00K) ama¥ X' X weGR(xx)e Brom 12 YyeX 30!
w' & G2 (4,X)  bolds. Then VT o' € e ovww!

Ge&e (%, X  {4}). Bat o satiafies tuis correlation und ttarcfoe
re W 652('1; X\{‘é}) .

@) Ywe G2 (X)) ana Y O e (X' ) » Aseune on the
contrery that W& (2 (x,X') . Lot us consider & profile {(:() ]
suck that ¥iew CifX)={x] Vidw )= &

iben obvicusly C*(X')=;5 snd eince C¥(. )e O = C*(X)= B o
Bt ()0,  twhen Ci(X)={=} ¥iew , ana Ci)=f Yideo,
and (*(X)={%] which contraatcts C*(.)eO

This implies that Y/ W€ 520 X) ama ¥X' <A ,welD (xX)

(for this it is sufficiont to consider the set X '- x (/X'
X'>X ama X"2X' ), ’
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It is shown that the condition 3°-a holds, i.e. the lists
Q(o@,x)‘; are represcated s (J(z) « Let us show that conditica
3°-b holds.

a3) Lot w' € C2(x) o Sbow that ¥ )'c), O €R () .
let (5 ¢ GJ(x) « Let us consider w" ¢ &A(y) - Such set "
exists siace conditiom 12 holds. Them Y (&5 7 8 (o\w'c (% Sy’
= 0" (=) = s T YO s
W (wuw'y=pelewid = & d G g) « In this case
VS S (w'ud)=¢=EcSvw's 8¢ Q (o)
since (5 5! 1t follows that ' €GJ(x)a

as) Vwegz("c) > w 6@(37‘). Suppose on the contrary that
w & G2y hon ¥T: o\ = ¢ (S wwasRwand trom a3)
G20x) = 2V follows. This tmpltes L A (D (x)=GD , fe0s the
condition 3* holds.

The property 4d) excludes conjunctions 14,18,31,35 and 36,
The fact that the intorsections of the class @  and the opera-
tor classes deterained by conjunctions 1,2,5,7,8s71,13:15,17,19,
21,2045 and 36 aro non-cupty may be illustrated by specific
operators, |

Figures 4=6 particula ly im;ly that the domain E,C and O
may be closed relative to | -operatars satisfying neither all
conditions 1°=5° nor any of them,

“eking use of the conditions VI-VIII, and Figures 4-6 we
obtain mutual relations betweon the com .lete classes of oparator
closudness Ay A and A, and tbe Basic, Central and Symetri-
cally —Ceatral Regions, Theorems o and 7 gived“establish these
relations, Tiese theorems are in fact the carcllaries of theorean
5 ana the SOFFEIEHER CONT %ﬁgﬁ&m of these thooreas are
shortemed.

Denotc as A, the implementaticn of the class flg an L .
(OB 1s a domatn 4 & ).
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Zheopen 6.In space g all eight classes A N A. 1A, »
Kun«[\c NA veeer A, f;\f\c nNA, are nm-empty.

Proof. Exazples of the operators when A-J .y 2] and A=
= {1.2.5} are shown in Tsble &, in which the lists caly for the
pates O (0 A), G2 (%, {xg91) G (x,{x 2] )are demonstrated, For
other pairs (f,X) let us put the corresponding lists for the
operators from classes | N\ A, N Ao ANANAs A ON, AN,
AN, A, being equal A .m:o:mopcamf_mnclm
R0 ARe » AaNANA, 8@ A N[ N]L, betng
equal to OV, It mey be immedlately checked that such operators
satisfy the correeponding conditions VI-VYIII or their intercrosses.

The statoaent of theorem 6 is illustrated on Fige7. The clas-
808 AHJ\Q and /|, are sbown as circles. The trivial operators

0 and | are disposed within the class A, N/N.NA,

Consider now how the basic, Centrsl and Lynoetrically-

«,catral recions are located relative to the clas:es _A H)A oand

¢ ‘ . 1°n 2°
The . The interscctions of the hasic Regiom (A""%)with

the ctasses A N A, M AN A NAL A NANA,
AH (\Ao ﬂl\¢ ¢ -AHAJ\-O nj\.g -A.H nAo /Uxtaro non=-empty.

{he iatorscction of the Basic Rogion with the class /| is loca-
tud strictly inside the lanterscction of the class /ly end the
baslc ie;lon, iece ABR' N l\_o = /\B‘R’ A'/\H'

The Central Reglon lice strictly inside the class /| and
includes strictly the intersection of the clasc _A, and the
basic Reglon, i.6e AM" (\]\_o ‘C_/\';\LQP\C_/\_H .

Symmctrically-Centrel Roglon lies strictly inside the class
A |, and has only one V operatar in its imtersection with /lo
and oaly ome U 1n 1ts intersection withk A, teee /X CA . 4
NN = vl o NN A={ud.

Proof, The first statement of theorom 7 aboat the non-empti-
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ness of the intersoction of the Basic Region with classes

ANA NN A AA AN AN AN 8 A NA, NN,
is easily seen from the examples used in the proof of theorsa 6.
The tnclusion A** (|, c A" follows immeatately trom
Fig. 6, and the inclusion A‘RCJ\H-rmrxg.ucmeupm

of theoren 5).

Consider the examples of operators showing that the intersec-
tions of the basic Roglon and classes A, |\, 17|,  and
ANuNA, N\,  are non-empty. Kaking use of the inclusion
MARAN, C \S®* et us construst for the clase A, ) A, N/
an operator, for which the besic 1ist is represeated as S.F =
= {443 {2} ] , and for the class A, NA,(IA_ - tbe operator
with Q0% = |{1}] « It 1s easily checked that these operatars
satisfy the conditions required.

The statement [\>“R ¢ /| | follows immedistely from the inclu-
ston "M c A\ <y, . .

To prove the last two statements of theorem 7 consider now
the 1ist-fom conditions VII and VIII in the Sy-metrically-Central
Reglon, 1.6. when the conditions 1°~4* hold, Por this consider
first, the form of these conditions in Cemtrel Reglon .Obviocusly

AEANR Yo W'eCl Vo winw'eTeN>Te Q2

AF AT 2 Vw,0, 0, 3,3 weld, 462,

W“éisz.’ LoN Lot S.L:.\;SI\!; '\ (A)IQ &"QM—$ 36@9

‘:‘\5”49

A~ CR

Smmttheopmmsfmthechaaﬂu' ﬂ_/lc are deter-
minod by the basic list of the type QB.Z{wi g-...cas}'hm
CQ)LJ ([’Ob):i » L '1.0.0’3 ™ Ml“mﬁecm-
trary stL,“eQ and {Qé@,{gﬁé@. « Then by the
condition VIIT o ={i,{{~4(} =Li§e§2 « This contredicticn
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proves the statement. The tulfmne_ﬁ of condition 4° ylelds the
unique operator from the class N “' /) A% , for wnich the
pasic 1ist 48 2°=iNT, and from the class AT /1 A% < the
unigue operator with Qe {{157»417{“’3“30 These dasic
1lists exactly correspond to the list-form representations of ope-
rators U and V o W

Theorem 7 is illustrated on Pig. 8a. A single~dashed line
shows in this Pigure the Central Reglion, and & doudle-dashed line-
the Symmetrically-Central Region.

The fraguent of Fig. 8-a = the Central Reglon and its inter-
sections with the intersections of complete classes of operatar
closcdness and their implementations are shown on Fig. 8=b. The
single~dashed line in this Figure shows the intersections of the
Central ieglon with the classes N, (/. and NuNA_, ana the
double-dashed line shows the intersection AR AN A NN

The last two statements of thecrem 7 give rise to the
following as corollariess

The first fuactignal principle of mutually-exclusive neutra-
lities. ixcept for the operetors"unsninmity” the Basic Reglion does
not contain the operators which sstisfy conditicn 3° of neutrality
to varients and 4° of neutrality to voters and relative to which
the domatn C 1n the space (o s closed.

The gecond functional priaciple of mutually exclusive
SpUtralities. ixcept for the operator "at least one vote ay the
Basic Region does not contain the operators which satisfy condi-
tion 3° of neutrality to variants and 4° of neutrslity to woters
and relative to which the domain O 1n the space C 1s closea

These principles imply the existence in the Symmetrically-
=Central Region of only two operators u and v relative to
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which the domains C and (O are res;ectivsly closed.

xaking use of lezma 1 and theorems 5=7 we obtain

gorollary 41, :xcept for the operator “anamisity" there are
no |Lwoperactrs saficfying the conditions 1°-4° and relative
to which the class H(C 1is clcscd

Loro e Thore are no |, =operators satisfying conditie
ons 1°=4° and reiative to which the class HNACNO is elosecd.

Thus, not only the common plurelity rule but cach |, =ope=
rator satisfyin; what seons to be equally matural conditions 1°-4°
transformms the classically-rational individunal functions to a

collective choice function whick does not in a general case satis-
Ly these ccaditions,

wve iutual relations betwecn the cgor.lete clasces of cporator
closedness —AH, -A—O_‘ —[\c and the Pasic rougion

In tiis section we study the mutucl relat{qns botueen the
classcs J\.H )Ao and _A_C and the classecs Amh’)o, /.\QI(l)and
A una their subclasses resanded in section %.

consider cunditiocns Vi=VIII for the casc when conditions
s%=a, of iadescacence of the context, and 2° of ncatrality to
variants are fulfilled additionally. Otherwise specking we consi=
Ger thc list-form representation of | =operetors from the in-
sersecttons A VT A NN ALOA™ ete. koaifico-
tions of conditions VI-VIII will be denoted by the same nmumboers
with the upper index pointins out to an auditional condition.

Consider only threc wmcdifications of tlosc conditions, naow-

y‘—‘z’ 3"_&

ly vi -VIII .,

va_a - 34)(674 LW eQ.(’L) w0 &S&A/ => D’S’QQ(,X_) 5
viro Yxef- e, w'eQR), wnd'e TN #&3’69(1)}

vﬁ‘ia’ Vxéﬁzweg(’ﬁ): w’QQ(\éLW\W‘SSEwU“} @&e@@)a
w“% Qe) , I \dedcw" U = & ¢Q(£)
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The other three modifications for the case whem comdition 3°
is sa.isfied are obvious since in this case the list-form repre-
scatatioa of [, =operator is determined by the unigue list
for all Xégﬂ}i'?%n ©¢X o The conditions VI**< and VII®*%
satiafy apparestly the monotonicity condition and VI>“* gcoincides
with the conjunction of the conditions II and IIX=-a,

Theoe facts give rise to the following corollaries.

Sorollary 1. The intersection /\ . with the class A’ *cotne
cides with the intersoction A” with /\""“ and coincides with the
replenished class of operators ”ﬁj:ndcpendmt union of intersectiond
fece AH nAs"_a:AzD n - __Aui (t))‘

Show that the class /\* s "wicer” tham the intersection
AN

Example. Lot A-|xg:] ana N={42,5] am the totality of
liste for varient x 15 C2B (%, A)=4 {111 4 (2BG, fryy =
=Ny, QRF(xdn2l) = {123}, Q(xd2t) = &

The condition 2° is obviouqls,%'tzsned. but none of the condi-
tions VieVIII are satisfied.

Sorollary 2. The intersection A . with the class 4> * 1fes
strictly insido the intersection /*° with /\”* end coincides with
the replenisheg clas: of operators "indcpendent partial interscc-
tion", iece j\-pl(l):j\,c n Nc_a_ CAp_o AA”-D”‘

The results dealin; with the . =operators from the interec
scctions /\, and M. with the classes N'° ar A” follow from
corollaries 1 and 2 and will be stated below,

We study sow a complete class of coperator closedness Ao .

The condition VIII immedistely implies that the class ./ ,
coxprises the opcrators satisfying the condition 3°-e and unlike
A, eana I\, a0 not 1n jencral satisfy the momotonicity condition

.‘O
2°. But Pig. 6 inplies that the interscction of A, with /A con-
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sists .of the operators satisfying the meutrality comdition 3°. The
operators, which camprise this intersection are isclated by

leame 4, The intersection of  _ with the class \*° coin-
cides with the class of operators "neutral partial anion", i.e.
A NN = N .

Proof. Show that ¥ Fe A N AV> Fe \P4e Pige 6 tmplies
that |\, NA“c AC* o Proving thearem 7 we have shown that the
basic 11st for the operstors from A _ | A® s represented as
Q8 = {wyreeer s} wore Y ietpeerss cond(o,)-1 - This

representation coincides exactly with thosc for the operators
*neutral partial union”.

The proof of the convarse statesent A ¢ AN\ s ob-
ViouSe 4

The rcsults establisted above are allowed studying the expli-
cit form of cperators whici com;rise the intersections of the
complete clasees of cporators closedness with the Basic, Ceatral
and Syuonetrically-Central 2ogionse.

Consicer two categcries of operator classes: a) deterzinod
by the interscetions of conylete classes of operators closedncss
and their cozpleaents, and b) determined by the totalities of
charecteristic conditions.

Iheorgm &, The first category classes civen in the intercroc-
ses of the columns of Table 5 and the second category classes
civen in the rows of Table 5 coinclide with the corresponding
classes of | =operators indicated in the intarcrosses of rows
and columns of Table Se

Proof. Let us prove step by step the correlations the numbers
of which are indicated in the intercroscsec of the ruws and co=-
lumns cf Table 5.

1) Lemna & tmplies that A, I\*'= \PY .« Bence AXNA (A" =

:APuﬂNO mmeApuﬂj\vaPu o then ABRAAO:APQ .
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2 rollows from 1) and the Lsclusion A™ c AN cA

5 AR DA, NA.= A?Y + The condition VII *° deternines
the cperuturs with QP= {w,jend stnce APRNA, =A™, thea
C@WJ(uu)=i.

4) Follows fron 2) and 3)

5) Fcllows from the coinciconce of condition V>~ with
the cofinition of tho operator "independemt upbion of intersectionc”

0¢s9) The proof is snalo;ocus to 5)

7),b) rcllous froa 1) and &)

10},11) Follows fron .) and 4) so far as NV -.-‘/\SW

42) Follows from the colncidence of coadition VI°° witk the
cefinition of the cperator "neutr:l union of intersccticns”.

12),10) Proof is analojous to 12)

14)415) Follows Tron 7) and &)

17),1¢) Follows f£rom 1C) and 11)

19) Consider how condition VI®° trensforms when the condi-
tion l:\/4 (equivalent to 4°) holds. In this case spparently there
exists nu-ber Kk such that ¥w,e QLD WO{@U/,)=KM there is
no SEGLE with cord(8)> k. Since the condition 4° holds
a1l subscts of N with cardinality k belong to & and we
obtais the definition of kP —cperator.

20),21) vee the proof of theorem G.

22)423) Follows from 20),21) owin; to the correlations
jGLRCJKw{ and (Jef&H)Wféj\H

24),25) Follows from 17),18) and the obvious fact that
BN

Table 5 shows no operators from the intersoctions Ji\ad _A_H .

PRON.  eaa ABANALNA. < section & bas established
the coincidence of the Basic iczlon with the class of operators
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"union of intersections™, Honce the intersections in guestion
consict of the operators of the type U] , but satisfying additic
nally the correspoading condition VI or VII.

The correlations established in the last rows of Table 5
are illustrated in Fige S This Figure is obtainocd Dy combining
Filie &=b with Fige 3 (when Fige. 3 is considered for the case of
neutral operators).

Lot uc generalize now the results of theorem 8 shown in the
last two rows of Table S.

Consider again tuc cate ories of cperutor classess a) deter-
nined by the interscctiond of complete classes of oparator closed=
ness and their cooplenents, and D) determined by the totalitics
of characteristic conditions
The firet catoegzonry classcs given in the iatercro-
sses of the columns of Table 6 and the sccond catoegury classes gi-
velr in the rows of Tablc 6 coiacide with the corresponding classes
of |,~operatars indicated in the intercrosses of rows and co-
lums of iable 6.

Proo¥. let us prove successively the correlations the numbers

cf which are indicated in the intercrcsses of the rows and columns

of Table 50
1) The condition V\* is oasily seen to coincide with 2°.

——

o 4
In soct. 4 we bave demonstrated that N2 = N ™Y | hence

AHQA”(‘\A%‘:A:."[)N\” ’Aﬁ(r,)() mAau =_Aﬁ

— 3.
2)44) Followe froo the fact that condition VI'~ cotincides
with the definition of the oparator "mcutral partial interscction"
R-= QRE=1{¢]
with acditional posaibilitics = or '
3),5) Follows from the fact that condition Vi > goincides
with the definition of the operator "necutral partial union" with
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sdditional possidilities ()-¢ o Ge=1¢1.

6),7)e The joint fulfilment of conditions Vi>° emd Vi >°
deternuines operators with QE={wa} where er—c/[wi)zi or ope=-
rators with Q = ¢ .

8)e Follows from 1) and the following obwious correlation

AT pe pF

9)=14). Follows from 2)=7), resp., taking into account that
operctors O and 1 satisfy condition 4% w

Theorems 8 and 9 give rise to the following as corollaries

Corpllary 1. The domain HNC 48 closed rela:ive to | -ope
rator from the Central zesion if and only if this operator is an
cperator "anocutral partial intersections™,

Cgrollary 2. The domain HNO which consists of all choice
functions saticsfyin: the Plott's condition of "independence of
tke nath” is closed relative to |.=oparator fron the Central
Jegion if and only if this operator is an operator "ancutral pare
tial union’,

Coroliary 3. The doumain H/C 10 48 closed relative to

|.-operator from ihe Central hegion if and only if this opere=-
tor is an operator “decisive voter”.

Keparke. It is interesting to consider the problem about the
closodness of class K , which is narrower thels the classes
studied above. It may be shown that this class is8 c¢losod relative
to |.-opcrator from Central Rogion if and only if this operdhor
is an cperater "decisive wvotcr”.

7. Discussiqn
will draw the readers' attention to the msin idess and results
established in the new formulation of woting prodvlem, i.e. when
the profile comprising of individual choice function bas to be
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tranaformod $o the collective choice function. The introduction of
locality condition (seoc sect.2) which defines the operators perforw
ain; such transformation allows to use the following general scheme
for annlize those opearators -« to0 stady three categoriecs of operatars
classcs which ares a) isolatod with characteristic conditions
(sect. 3), b) dofined as some mochanisas or deterninistic rules
(soct. ‘:’,)x and, finally, ¢) picked out with closednoss condition of
dosainsspaco (O (eect. 5). The mein reeults are obtained compa-
rin; those categories of operators classcs (soct. 5 and 6). We want
to eopbasizo two following resultss a) two principles of mutuolly
axclusive neutralities (soct. 5) wmhich establish that natural de-
nands to voting cystems lead to inconsistancy of noutralities - to
voters and to variants; b) the establishin; of exnct structurc of
Central Reglon comprising natural voting systoms in torme of its
outial rclations with two last catogories of operator classos (see
“hooren € and Fi3.9).

worecvar this camparison montionod above shows also the eop=-
tinoos of iatersoction of some closses of operators (sec sect. 6)
or in ogher words, the inconoistency of some naturael conditions
to which 4t coons wvoting oporators have to be satisfied. This
situation is andlogous in some senbc $0 that ono cstadblishod b
KedsArrow and his followors whon they reogarded voting operators
which transform the totality of binary relations to collective
binary relation.

¥e discuss also in this soction two problems portinent to the
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acditioncl analysis of local operators. The former is concerned
with gene®uting collective decisions in a specified class of
choicc functions for the fixed voting operstor of type III,

In ths papurs on the Acrow's paradox in $ts conventional interpre-
tation (sec Sem (1370) and the references therec’) we can outline
a trend which studies e possibility of obtaining a resultant bi-
nary rclotion 4in a class of linear gquasiorders usin; a "ncutral
siyle nejority” rule (l.e. thc rule of "neutral < -majority”
for k= [%_]+ 1)

11 a ;eneral csse when a profile ccnsists of arbitrary linear
quasi=orders this is not poscible. Honce, the above papers of
thls trend are striving amon; other thinss, to answ.r the follo=-
wins questicn: wi.t autuel ccastraints should be observsd by tho
initial “prefercacs relations” ol the voters for the resultant
relation to boling a priori to g class of linsar quasi-orders?

It &s interestin . to obtain sizilar results for a problexm
of collectivc cholce in its "fuactional” interpretation used
berein. For the case when the operator V "at leest ans wote ay"
is used as an operator of the group choice one of the results pers
nittin.: such an interpretation has bean obtained ia Alsskerov,
savalishin and Iitvaikov (1979) in the form of mutual constraints
for n functions ( () f£rom the class EA GN O, skich conprise
the profile {C. ()} The observetion of these constraints by
operator V  results in the function C* (‘) 4n the class BACA O,
alttousk this 4z not possible in a gene.al casc, as has already
been aentioned.

ther proulea that we discuss in this section dsals with
the co.parison of the above results with those of Aiverman and
Aleskercv (198}Z) obtained when considering the votin; cperators
of type I (1.0, considering the Arrow's problem in its conventio~
nal stateaent).
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let us consider Tedle 7. its left part gives some results
referring to | =operators fron the Central Region. The first
column shous dosaine’?) () in the space (3 , and the second
column = L—opmtorstmthe(:antralnesimmi.chm
that domain () is closed (the intersection A o, N A“%)

The right part gives a siailar table for ths woting ojerators

of type I (soc Alzermsn and Aleskerov (1983b), Its first column
deseribes regions § in the space of all binary structures, the
sccond column - the operators which constitute the intercross of
& complete ¢lass _A R of the opurator closedness for ﬂ and
tho Coentral kucion (for the voting operators of type I the Cont-
ral heglon is deterninod by the totality of conditions sioilar
to 12, 12, 2°%, and 3° - see Alzerman and Aleskerov (1963b).

~he rews of these two tables coinclde as follows: the first
colwm of the lcft toble shows a domain (Jc (3  which is rea-
lized by a coavestional chojce from binary structures of the
dooain R, which 1s indicated ia the first column of the right
tabls.

For rows 4 and 5 of the right table there is no correspon—
dence since classes H(1O and R cannot be realised by the pair-
~doninant mechanisms of cholce.

From Tedble 7 one can i—mediatoly see the "sLift” of stato-
ments concernin: L=opurators relative to the statements on

/N

15) The domaims (3 ﬂmutmtuattwwnottm
colum consist of funcumsmbelongmg to the intersection of the
dooain . with the space @ of noo~ecpty choice functioms,

to. B=QNE
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the voting oparators of t,pe I, Thus, for instance, for & doaain
of binary relations of the partisl order the operator closodness
(usin; the terminology of this psper) is ensured by the operators
of "partial intcorsection” (seec Alsernan and Alocskerov (19683%v)).
On the other band, & dozain in (¥,  genersted by a pair-dominant
rule of choice in this class of binary relatioms is closed only
to | —operstors "decimive voter". Meanwhile a considerebly
wider dooain of choice functioms, the domain (C , genereted by
the "non-conventional" rules of choice on "non-conventionai"
structures (see Aiscrman and Kalishevski (1981)) which have conp=-
letely been omdtted frem the discussion of the Arrow's paredox
15 closed to the arbitrary |, -oparatars "partial intersoction”.
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Table

classes
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ANLOA,

A NAND

ANNA,

A NLNA,

ANANA

And.nA

Qz,h)

{423, d

{123,W

£423,4433
N

113, {123
4433, N

1,23,/

QLixX)=¢

Vr, X : xéXef

Qt’l;{"‘lzj)

#2}, 4433,
N

{.4l3})’d

Y IY)

Z/J

a————

Q(")Iﬂpi})

123, W

{11330

N

{433 N

£4.23,{433
W,

Aol

A’ i\ﬂA O

5 Au: )

6) AP

) Ap](x)

12) A’ﬂ:

13) API

15)AP1

%) A?u

19) NP

RO o

A2)

Table é

T

-A.o

AN,

A.nn,

A,

NA, M

AN

1)

Au"t'

3 o

Af?f

A

Abv 4)

s
v

Vi§

NN
nNe

%)

/\r"é

10)

V, 0,4

1)

u, 0,4

3)

14)

0,1

0,4




nATAd
(cNO)

decisiwve wter
m=cx (0)

decisive woter
CF)=ce(x)

NPV R

HNC

IR

partial intersection

C*(X\:Q\QCL(X)

HNO
)

partial anion

SACAVASRCY

LS

union of intersections

4
C*(X\t'u N C OO
J=t lew;
or intereoction of
unions

t
* -
¢ O( ) ',;Ol z\é}a: CL (X)
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Teble ?7
weak dietator
orders .

G = Gi¥_
partial eligarchy
omiers %

._ =G
all binary | £faderation
relations

® t .

¢=0,N G
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Fig. 9



