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ABSTRACT
ELECTORAL POLITICS IN THE ZERO-SUM SOCIETY
Gerald H, Kramer

California Institute of Technology

In most recent work on the theory of elections, parties are
assumed to compete over a multidimensional space of issues or policy
variables., Distributional considerations arise only indirectly im
this structure, and candidates cannot appeal directly to particular
constituents or groups by offering them specific targeted benefits or
services. This theory of pure "issue” politics thus ignores the
prevalent constituent—service aspects of contemporary electoral
politics. The present paper develops a theory of electoral
competition under an alternative structure, in which candidates
compete by directly offering particular benefits and services to
voters. The analysis presumes a symmetry in the roles of incumbent
and challenger, in that the former necessarily commits himself to an
allocation first, by his actions in office, thereby presenting the
challenger with a fixed target to optimize against. Voters tend to
discount the challenger’s promises to some degree in comparing them to
the benefits currently being received under the incumbent, and cast
their votes so as to maximize the level of benefits received. The

main results are as follows:

e
e

1. Optimal candidate strategies in this regime turn out to be
rather different from those in the classical spatial modeling
framework, Challengers pursue a "divide and conquer” strategy of
bidding for a minimum winning coalition of voters. Incumbents, by
contrast, pursue a more even—handed strategy, attempting to appeal to
all their constituents. The model thus predicts distinctive
differences in the behavior of challengers and incumbents, with no
tendency for the candidates to converge on a common strategy or

position, as in the classical Downsian case.

2. The discount factors voters use in assessing the
challenger’s promises——the "incumbency premia’——can be interpreted as
a set of constituent demands. If these are treated as endogenous
strategic variables which voters vary so as to maximize their long-run
level of the benefits, there exists an equilibrium, J¥n equilibrium,
voters capture all the benefits from the parties. The degree of
inequality in the equilibrium allocation is related to the degree of

risk aversion with which the electorate views candidate behavior.

3. An issue is a measure or proposal which, if enacted, would

generate a fixed distribution of benefits and costs, and on which each
candidate must take a position. We obtain simple classification of
issues according to their electoral consequences, and show that one
important category of issues——which we label the "controversial”
issues——is strategically important. The existence of a controversial

issue invariably work to the disadvantage of the incumbent; hence he
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always has an incentive to suppress or remove it from the electoral
arena altogether, if he can. If he cannot, it will then be optimal
for the incumbent to favor the issue if and only if it is one which
produces a (positive) net social benefit. Even with this optimal
position, however, under general conditions the incumbent will
nevertheless be defeated, by a challenger who opposed the issue and
who will therefore not enact it, even though it would be socially
optimal to do so. These results thus support the doubts expressed by
Thurow and others, concerning the inability of a competitive
democratic systems to deal effectively with major issues when
distributional considerations become politically important. They also
imply, however, that Thurow'’s proposed reforms, to strengthen party
responsibility, would not help, since the problem lies in the nature

of the competitive process itself.
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Theoretical work on electoral ooswonw»wouw has concentrated
almost exclusively on a structure in which the candidates or parties
compete over a space of issues or policy positions, Distributional
considerations can arise only indirectly in such a setting, and
candidates cannot appeal directly to particular constituents or groups
by offering them specific targeted benefits or services. This theory
of pure "issue” politics thus ignores the prevalent constituent-
service aspects of contemporary electoral politics. In the present
paper we investigate the nature of a competitive electoral process in
an alternative, purely allocational, regime, in which candidates
compete by directly offering particular benefits and services to

voters,

0. Summary and Overview

The basic structure is guite simple: there are two
candidates, a challenger and an incumbent, who compete for votes by
promising specific benefits or services to some or all of the n voters
or groups who comprise the electorate. These benefits and services,
which are indexed by a single, composite private good, are positively
valued by all voters, and also by the candidates themselves (or their

parties and supporters). Each candidate offers an allocatiom z ¢ R®




of benefits to the electorate, where z, 2 0 is the amount offered to
voter i, and the offers collectively must satisfy a budget comstraint
M”w L { A. If a candidate offering an allocation z receives a
majority (of m or more votes, where m = mwwv he wins; each voter i
then receives the promised amount z, while the candidate himself
receives the residual A - M”w z; 2 0, his surplus. The candidate
wishes to maximize his udnﬁnau.n so will offer voters only the minimum
necessary to secure this majority. The losing candidate does mnot gain
control of the pool of benefits, and therefore receives no surplus
himself; we assume that he nevertheless attempts to minimize his
opponent's surplus, by making his victory as expensive as possible.

An incumbent, being already in office and having control over
the pool of benefits in the period preceeding the election, must act
and actually provide benefits to his constituents during this period.
He therefore commits himself to a de facto allocation first, before
the challenger does. On the other hand voters are assumed to discount
the challenger’s promises to some degree in weighing them against the
actual performance of the incumbent. In particular, if voter i is
currently receiving a benefit of x, from the incumbent, and is offered

¥y by the challenger, we assume he votes for the challenger only if

remium,

> Xy + | where P; is the discount factor, or incumbenc

=

of the ith voter.
These discount factors play an important role in the analysis.
We can think of them as measures of voters’' loyalties to the

incumbent, since the larger Py is, the more difficult it is for the

challenger to obtain i's vote. (The p, may therefore be negative as
well as positive, since some voters’ loyalties may be to the "out”
party rather than to the incumbent.) More generally still, however, we
shall interpret p, as a kind of "price,” which signals the voter’'s (or
group’s) availability to bids from either party. The p; are fixed in
the short run, and both candidates must act as "price-takers” and
obtain votes by impersonally bidding for them, rather than directly
negotiating or bargaining with individual voters or groups. In the
longer run, however, these prices are endogenous, and can be altered
by the groups themselves if they find it in their interests to do so.
Thus, a group for whom P = 0 essentially pursues a policy of short—
run maximization in each election, voting for whichever candidate
offers it more, with no discounting. If the expected level of
benefits to the group could actually be increased in the long run by
applying a positive discount, however, then we would expect Py to
eventually rise., The incumbency premia thus provide a mechanism for
constituents to impose demands on the political system, and to oblige
the parties to cater to these demands. One important question,
clearly, is whether the Py would keep changing forever, or would ever
stabilize —— i.e,, whether there exists an equilibrium set of
incumbency premia. We address the issue of equilibrium and its

ramifications in the final section of the paper.

Initially, however, we take the p; as fixed, and concentrate
on characterizing the short—-run behavior of candidates and voters in a

single election. Since the challenger can wait until after the



incumbent has committed himself to an allocation, his optimal
allocation is easily determined, and is formally characterized in
Theorems 1.1 and 1.2. In particular, given the vector p € RY of
incumbency premia, and the incumbent’s allocation x € uwu. the

challenger must offer at least x, + Py for i's vote; this quantity (or

i
zero, if it is negative) is thus the "cost” of securing i's vote. The
task facing the challenger is to secure a majority at the lowest
possible cost, so his optimal strategy will be to offer slightly more
than this amount to the m least costly voters, and nothing to the
others. Challengers thus pursue a "minimal winning coalition” type of
electoral strategy.

The problem facing the incumbent is rather different, In
essence, his task is to make victory impossible, or failing that as
expensive as possible, for the challenger, by driving up the cost of
the least—cost coalition. The incumbent therefore generally cannot
afford to favor some voters and ignore others, for if he did, the
neglected voters would become easy, "low—cost” targets for the
challenger. The strategic situation confronting the incumbent thus
leads him to pursue a more broad-based electoral strategy. Optimal
allocations for the imcumbent for arbitrary p € R" are partislly
characterized by Theorem 1.3 and Lemmas 1.1-1.4, and are fully
characterized for the case of most interest, when the incumbency
premia are in or near equilibrium, by Theorem 1.4. To get some sense
of the nature of these allocations, suppose the incumbent chooses an

allocation x > 0. The challenger will then bid for some least costly

majority coalition C of voters. Let NB + r, be the cost of the most
costly voter in C, If it were true that x + p; > x + e, for any
voter i, the allocation x would not be optimal, for in that case the
incumbent could either increase his own surplus by offering somewhat
less to i, or alternatively decrease the challenger’s surplus by
reallocating some benefits from i to C. By similar reasoning, x would

also not be optimal if x, + p. < x + P, for any voter j. Thus, if

B J
the allocation x is optimal, it must be true that x,6 + w» = x, + P,

1 J J
for all i and j. Theorem 1.4 shows that when the underlying
incumbency premia are near equilibrium (in the sense of Definition
(3.4)), the incumbent'’'s optimal allocation is of this form, and is
given by 0» =a-p for all i, (where the quantity a > 0 is defined
by & = min (A/m, 1/n[A + M”w wvav. Moreover, under the premises of
the theorem, it also will be true that Py ¢ a, and hence that Mw >0,
for every voter i. Thus the incumbent, unlike the challenger, offers
benefits to all voters.

These results, though straightforward anmalytically,
nevertheless contrast considerably with those of the issue—oriented
Dowhsian or spatial models of electoral competition, and suggest that
candidates behave quite differently in an allocational setting. In
the issuve-oriented models the competitive process drives both
candidates to adopt similar positions or strategies. In the
allocational structure considered here, on the other hand, the

candidates pursue distinctively different strategies, and show no

tendency to converge, The nature of the differences are distinctive,



and in principle empirically testable: challengers tend to pursue a
divisive, minimal-winning-coalition type of strategy, while incumbents
pursue & broad-based strategy, and try to appeal to all their
oonnnmnﬂounm.u These results also imply that a successful challenger
will change his electoral strategy after taking office, by tryimg to

broaden his electoral base beyond his original core of mcuvannonm.a

In section 2 we turn to a different gquestion, and consider the

role of issves in this structure, By an issue we mean a measure Or

proposal which, if enacted, would generate a fixed distribution

b € R™ of benefits (or costs, if vw < 0) to voters. We assume such
issues are relatively "sparse,” and arise only occasionally, and omly
one per election; moreover the benefits generated by the issue are
assumed to be small relative to the pool of allocatable benefits (so
that, in particular, it is always possible to fully compensate the

"losers” (i.e. those for whom b, < 0) if the proposal is adopted).

i
With issues as with allocations, the incumbent must commit himself
first, before the challenger does, (Because of this it is clear an
issue cannot help an incumbent, since the challenger can always adopt

the incumbent’s position, and effectively neutralize the iss

ue in the
electoral contest (Comment 3.1).)

Issues are of various kinds. For example a socially
beneficial (or disadvantageous, respectively) issue is one for which
MHw ww > 0 (or ¢ 0, respectively). An issue is majority-preferred if
there exists some majority coalition C of voters for whom b, > 0 for

i
all i € C; or is a Pareto—-improvement if cw > 0 for all i, A typical

"special-interest” issue would be one which conveys large bemefits on
a small minority, while imposing costs on the rest of society, while
what we might call a "Thurow”—type issue would be one which yields
significant net social benefit M“w cw > 0), yet imposes severe costs
on some small minority (which, he argues, constitute an effective veto
group in a democracy). (Thurow (1980).) The questions of interest are
to see how such issues affect the fortunes of the candidates, and how
the issues themselves ultimately fare in this electoral setting.

From a strategic point of view, the relevant classification of
issues turns out to be somewhat different from any of the above, and
can be described as follows: if b is an issue such that for every

majority coalition C the quantity Mm &w (the sum of benefits over the
C

members of C) is non-negative, we shall say the issue is a positive

one; conversely, if Mm ww £ 0 for all such C, the issue is negative.
C

We define a controversial issue as one which is neither positive nor
negative. If voters are indexed in order of their ew. i.e, so that

eu w vn m...m c:. n<wmobnwwnwowaumnlmn<ononawuonwﬁ%oonmwmnmom

voter 1 through m, If we define B = M” vw a8 the sum of benefits
uu

over this coalition, and similarly Bt b. as the sum over the

1t
1=

i

I

1=m

most—favored majority, then evidently b is controversial if and only
if B ¢ 0 and B' 5 0,

Theorem 2.1 shows that it is optimal for both candidates to
favor positive issues, and to oppose negative issues, Such issues

therefore play no real role in the electoral contest, and do not



affect the outcome. Positive issues will be ultimately adoptea no
matter which candidate wins (in particular, Pareto improvements will
always be enacted), while negative ones will always be rejected by the
winning candidate. To this extent, therefore, the electoral process
copes with issues in a sensible manner.

With controversial issues things are more complex, however.
To see how they affect the candidates, we first comsider (in Comment
2.2) the simpler situation which results if the issue arises after the
incumbent has committed himself to an allocation, but before the
challenger has, The incumbent, having previously adopted his optimal
allocation 0. must now take & position on the issue. If he favors the
issue, the challenger can either match the incumbent’s position (in
which case he would have to bid a for any vote) or alternatively
oppose it (in which case he would have to bid
vy = 0» + p; + c» = a+ cw for i’'s vote). Since the issue is

controversial, there exists a majority coalitiom C for which the sum

Mm vw is negative; hence the challenger, by opposing the issue, can
iEC

obtain this majority at a cost of am + Mm cw ¢ am, so his surplus
c

-

will be greater than if he had favored it. In particuiar, the
challenger can always increase his surplus by -B . Alternatively, if
the incumbent opposed the issue, the challenger could increase his
surplus by w+. by favoring it. From the incumbent’s point of view, it
is optimal for him to take whichever position minimizes his oppoment's
surplus, and hence to favor the issue if -B~ < w+. or to oppose it if

this irequality is reversed., The incumbent thus favors an issue if

w+ + B 2 0, or equivalently if M“ ww + cs 2 0 (here wa is the benetit
of the mth or median voter, when voters are indexed so that

vu £ cN £ o0 X vuv. If the median voter's benefit va is negligibly
small relative to the total social bemefit M“w cw. the issues the
incumbent favors and opposes are essentially the socially bemeficial
and disadvantageous ones, respectively. It is always optimal for the
challenger to take the opposite stand; moreover, under the conditions
of Comment 2.2, the challenger will prevail in the election, and his
victory will lead to rejection of the issue if it is socially
beneficial, or its enactment if it was not.

A rather perverse outcome thus occurs, at least when the
incumbent cannot readjust his allocation to try to compensate for the
vulnerabilities created by the issue, The more complex case, in which
he can optimize over his issue position and allocation simultaneously,
is analyzed in Lemmas 2,1-2,5, summarized in Theorem 2.2;
qualitatively, the results are rather similar. The incumbent favors a
controversial issue if and only if M“w cw 20, i.e. it is socially
beneficial (Lemma 2.5), In this case it will be optimal for him to
allocate more to the "losers” who are disadvantaged by the issue
(Lemma 2.4); with this allocation either position becomes optimai for
the challenger (Lemma 2.3). The incumbent’s surplus is strictly less
than it wonld have been in the absence of the issue (Theorem 1.4, (2)
and (3) of Lemma 2.,3), and if the issue is divisive enough (i.e. if
-B” is large enough), the challenger will win ((1) of Lemma 2.3).

Some implications of these results are as follows: A ratiomal
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incumbent favors the public interest (i.e., favors issues which are
socially beneficial, and opposes those which are not), simply because
this is the most profitable position for him electorally, For a
controversial isswe, however, this is only a "second-best” strategy,
since such an issne always works to his disadvantage, no matter what

5 An incumbent thus has an even stronger

position he takes on it,
incentive to suppress controversial issues altogether. To the extent
that incumbent officeholders can control and manipulate the political
agenda, therefore, we should expect them to try to keep such issues
off the agenda; or, failing that, to at least keep them out of the
electoral arena, for example by referring them to other jurisdictionms,
or the bureaucracy or courts, for resolution. Challengers, on the

other hand, have the opposite incentive, and at least in the short rua

stand to benefit from having elections fought over controversial
wmunou.a
With controversial issues and against a ratiomal incumbent, it
is optimal for the challenger to oppose the incumbent’s position, and
hence to oppose the public intent. Moreover such issues work to the
advantage of the challenger, so if the incumbent’s margin was small or
nonexistent to begin with, and/or the issue divisive enmough, the
challenger will prevail. The public interest thus fares poorly in
this electoral process: elections will often be won by candidates who
oppose measures which would improve the social welfare, or who
advocated undesirable special interest causes, These findings thus

support many of Thurow’s (1980) nououﬂmwonm.q

11

We turn finally to a more fundamental question, concerning the
equilibrium of the underlying incumbency premia. In the argument so
far the Py have been taken as fixed. As suggested at the outset,
however, these are actually policy variables, and in the long rum may
be altered by the various voters or groups themselves, if they fimd it
in their interests to do so. Until now the candidates have been the
only strategically active agents, with voters playing an essentially
passive role: once confronted by the candidates’ offers, voters can
only cast their ballots and accept whatever benefits have been
promised by the winning candidate; if his surplus is large, most of
the benefits will accrue to the candidate and his party, and few to
the citizens for whom they were presumably originally intended. In
the longer run, however, the incumbency premia provide a means for
voters to influence outcomes, and to induce candidates to become more
responsive to their demands. Thus, for example, in an era in which
the incumbent is dominant and regularly wins with a large surplus, a
voter or group which finds itself taken for granted and inadequately
provided for may seek redress by gradually weakening its loyalties to
the incumbent. This may encourage the challemnger to bid more
energetically for i's vote, and possibly even lower the challenger’s
cost sufficiently to enable him to win; even if not, the mere threat
of defection may indece the incumbent to increase i’s benefit, to
retain his vote. To the extent that such influences increase the
level of i's expected bemefit, it is clearly in i’s interest to change

his incumbency premium accordingly; and we should expect him to
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eventually do so. The original n—tuple p of premia is therefore
unstable, since at least one group i has both the incentive and the
ability to change it, by altering its own component p;- We define an
equilibrium as an n-tuple of incumbency premia which is not unstable
in this sense (Definition 3.1).

It is certainly conceivable that there is no such equilibrium,
and that any p € R® is subject to continual change by some or all
voters (for example, by perpetually striving to make their p, ever
smaller, thus driving them towards -=), As it turns out, however,
equilibria can be shown to exist in this structure, and to be rather
plausible in nature, The equilibria of interest —— the "mon—
degenerate” ones —— are characterized by Theorem 3.2. Some
implications of this result are as follows:

First, in equilibrium the surplus to winning candidate is zero
((4) of Theorem 3.2): all benefits are thus distributed to the
electorate, and none retained by the parties. In the long rum,
therefore, the ability of voters to shift loyalties does serve as an
effective control on the behavior of the political elites, and
ultimately forces them to use the benefits to increase the welfare of
citizens rather than simply enrich themselves, (This result is
reminiscent of the zero—profit condition of a competitive economic
equilibrium,)

Second, in equilibrium every voter receives a strictly
positive level of bemefit ((3) of Theorem 3.2). This may at first

glance appear to be a somewhat "egalitarian” outcome. JIn the more

13

relevant welfare sense, however, it is not, since it takes no account
of underlying income or social inequalities. Indeed, since many of
the benefits in question arise from programs or policies intended to
redress these underlying inequalities, social equity is promoted by
providing them to the needy or disadvantaged. Theorem 3.2 implies,
however, that when the disposition of such benmefits enters the
political arena and becomes subject to manipulation by politicians
seeking electoral gain, they will be distributed more widely, and
offered to all voters irrespective of need, The equilibrium
allocation of benefits is thus not ome likely to promote social

8 (This tendency may also give some insight into the often-

equality.
noted "reciprocity norm" in Congressional public works spending,
whereby projects are allocated to all districts irrespective of
economic justification or partisanship.)

Part (3) of Theorem 3,2 states that any equilibrium p must
satisfy Muw p; = ¢mmmv> (or in effect, that the average incumbency
premium must equal the per capita level of benefits available). When
this equality does not hold p is not in equilibrium, and there will be
voters or groups who can bemefit by changing their premiums
accordingly. Until the equilibrium is restored, however, the
electoral process will be temporarily biased in favor of ome or the
other of the candidates —— the incumbent if M“ P, is too large, or the
challenger if too low (Theorem 1.4). Thus, consider the situation in
which the system is initially in equilibrium, when the pool of

benefits is suddenly and exogenously decreased. The P, would then be
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too high relative to A, In the long run voters will eventually adjust
them downwards and restore equilibrium, but in the interim, before
this occurs, there will be a series of elections in which M” P,
exceeds its equilibrium level, and in these elections the incumbent
will win, and will earn a positive surplus ((1) of Theorem 1.4). It
thus makes perfect sense for am incumbent to support a balanced-budget
amendment, or other proposal which imposes an exogenous cap om public
benefits, since he stands to profit handsomely in the transitional
period. (The converse is also true, that the challenger would profit
from an exogenous increase in A; the effect here is weaker, however,
since after the initial election the victorious challenger becomes the
incumbent and is thus disadvantaged, and his opponent over time will
eventually capture a sizeable share of the windfall.)

An equilibrium is not unique, and in general there will be
many p 8 R™ which are potential equilibria. In a two—party electoral
system, in particular, we might well expect two different equilibria
to be present, which depend on the identity of the incumbent party.
Denote the two parties by a and p (until now we have distinguished
between parties or candidates only on the basis of their incumbency

status), and by un and vu the two corresponding equilibria. Whenever

party a is incumbent each voter i discounts the challenger’s bid by ww
(and thus votes for him only if ¥ > ﬂw + va. and conversely applies

the discount factor uw whenever B is incumbent, A voter for whom
wM = vu behaves the same no matter which party is incumbent. If wm

i i
g

1 differ, however, i in effect has partisan preferences; in this

and p
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case wM > Mw reflects a preference for party e, while if um > mn iis
more favorably disposed toward incumbents of the other party. Let us
rewrite the incumbency premia in a slightly different and more
convenient form by defining two components, o, = H\N Hum - uwu. the

pure partisanship component, and n = 1/2 me + uw_. the pure

incumbency component. Then, clearly, vw =y + o and vw =n, ey,
so i’s premium is the sum of the incumbency effect plus or minus
(depending on the identity of the incumbent) the partisan effect. The
partisan component a, is thus essentially a measure of i's party
identification, since it reflects his loyalty toward or intrinsic
preference for a (or B, if o <0).

The concept of party identification has played a major role in
empirical work on voting and elections. The basic ratiomalistic
premise in the theoretical literature, however, has been that voters
view parties and elections instrumentally, as means toward their
ultimate ends of attaining better policies or more benefits, and it
has proven difficult to reconcile (or even incorporate) a notion of
intrinsic party loyalties into this instrumentalist framework, For
this reason the concept has played little or no role in the
theoretical literature. In the present structure, however, there is a
natural way of defining lomg-run partisan preferences. We may thus
inquire into the extent to which such intrinsic loyalties are
compatible with individual rationality, and more generally into the

nature of the equilibrium distribution of partisan preferences.

(1) of Theorem 3.4 implies that each o must satisfy
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I>\B  a, € >\a. so may be either positive or negative, and certainly

i
need not be zero. Thus individual partisan preferences for either
party are perfectly compatible with individual ratiomality. At the

aggregate level, however, it follows from (2) of Theorem 3.4 that

Yoa=1/210] 8 -7 of1=1/2 1A -Ehug =0
Thus, in equilibrium, the electorate as a whole is not biased in favor
of either party. A distributionm of partisan preferences which favored
one party would be unstable, and there would be voters or groups who
stand to gain, in the long rum, by weakening their loyalties: over
time, such adjustments continue until the electorate reaches a
partisan balance and a new equilibrium is established, This result
thus provides a theoretical explanation of the historical tendency,
noted by Sellers (1965) and others, for two-party systems to return to

partisan balance over time,

1. Candidate Behavior

We begin with some preliminary definitions and notation.
There is a finite set N = {1,2,...,n} of yoters (or groups), indexed

by i. The number n of voters is odd, with m = (n+1)/2, A goalition C

is a subset of N, and #C is the cardinality of, or number of voters
belonging to, the coalition C. We denote by [j,k], (j,kl, [j,k), etc.
the coalitions {i:i > j, i ¢ k}, fi:i > j, i £ k), {i:i 2 j, i < k},
etc, C is a majority coalition if #C > m, and M* = {C © N: #C > m} is
the set of such majority coalitioms. For any vector z € R"” and

coalition C € N, z(C) denotes the guantity z(C) = Mm z;e
iE C
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An allocation by a party is a vector z € R" which is
nonnegative, z > 0, and which satisfies the budget constraint
z(N) { A, where A ) O is the fixed budget of benefits or services
available for allocation to voters or for conmsumption by the political
parties. There are two political parties (or candidates), the

incumbent, party 1, and the challenger, party 2. We denote by

X = {x,x',...}) the possible allocations by the incumbent, and by
Y= {y,y',...} the possible allocations by the challenger.

remium for voter i is & real number p,, which

The incumbenc i

may be positive or negative (or zero). Given the allocations x and y,
voter i votes for the challenger if vy > x, + Py otherwise, if
vy £ X + Py» he votes for the incumbent. The n—tuple of incumbency
premiums is a vector p € r",

Given x, y and p, let C be the set of voters who vote for the
incumbent: thus C = {i: T, + Py 2 %wu. If C constitutes a majority,

i,e., C € M*, the incumbent wing the election. We then define:

<wAn.%hvv = x,, the payoff to each voter i; muﬁu.wmwv =A-x(N) 20,

the surplus to the incumbent; and aNAu.whuv = - mHAu.%nwv. the surplus
to the challenger, Otherwise, if aunwz.. the challenger wins, and the
payoffs and surpluses are <wnn.%uuv =¥ for any i,
mnau.w“vv = A - y(N), and uuau.%muv = - mnAn.%“wv.

Each party is assumed to be interested in obtaining as large a
surplus as possible. Given p and the incumbent's allocation x, let

A A
mNAunvv = sup mNAu.%nwv. It would be natural to say an allocation y

yEY
A A
is "optimal” for the challenger if unﬁn.%nvv = mnAunvv. However if
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ﬂwﬂuncv > 0, strictly optimal allocation of this kind need not exist:
for in that case the allocations y yielding a positive surplus
mnﬁu.wuwv = A - y(N) are those such that v x; + py, all i € C, for
some C € M*, so if X, + 1 2 0, attempting to maximize the quantity

A - y(N) would lead to a corner solution such that ¥y = %, + py, 8t
which the challenger would lose i's vote and thus his majority (and
hence his positive surplus). Rather than use such an allocation, the
challenger would instead bid slightly more for the voters i € C,
thereby ensuring a majority and a slightly less~than-optimal, but
positive, surplus. Thus, for any ¢ > O, we shall say an allocation y
is g-optimal for the challenger if nNAu~wuwv 2 MWAnmuv - g, and is

winning if it is possible for the challenger to win, The g-optimal

allocations for the challenger are characterized as follows:

Theorem 1,1. Given p and the incumbent’s allocation x, definme
nw = max(0, n»+vwv. all i, and w(x) as the minimum of pnanv over the

set of majority coalitions C, i.,e, w(x) = min nuﬁov. Then:
C € M*

(1) If w(x) > A the challenger cannot win against x. His surplus is

ﬂwﬁn“mv = mwﬁu.%nuv = —=[A - x(N)] ¢ 0 no matter what allocation y
he uses, i.e. every y € Y is g-optimal.

(2) If w(x) < A the challenger can win, and MWAunuv = A - w(x) > 0.,
An allocation y is e-optimal if and only if

y(N) { w(x) + e, and v v x4+ Py pwwwmo.monmosmnmzﬁ.

Proof (1): 1In order for the challenger to win there must exist an

allocation y and majority coalition C € M* such that vy > x, + Py all
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i € C. Since vy 2 0, this would imply either , top (0= nw < y; or
0 < x, + p; = nw < v; for each i € C; moreover the latter must hold
for at least one i € C (for otherwise we would have 0 = nuanv 2 w(x),
a contradiction of the hypothesis that w(x) > A). Hence

y(C) > nnnnv 2 w(ix) 2 A, This is impossible, however, for y would
then violate the budget constraint A } y(N), since clearly

y(N) > y(C). Therefore the challenger cannot win, implying

uNAn.%nnv = luHAu.%“uv = —=[A - x(N)] for any allocationy € Y, and

hence that any such allocation is e—optimal for all ¢ > 0.

A
(2) Let C be a majority coalition which minimizes

A
nuﬁnv. i.e. aNAnv = w(x). For sufficiently small ¢ > 0, the

allocation %m given by

. A

a; * for i € C

wm =
i

m otherwise

is winning, and yields a surplus of mnﬁn.wnmvv = A - wnsz =
A A x A
A - g (C) — ¢. Hence mnﬁunuv 2A-q(C) = A- w(x) >0, Since any e—

optimal allocation y must also be winning, it must satisfy ¥y 2 aw.

all i € C, for some majority coalition C € M*, But then

y(N) 2 y(C) 2 q*(C) > w(x), implying

A
mnAuhvv -8 £ mNAn.whuv

A~ y(N) { A - w(x)., Hence, letting ¢ > 0,
A
it follows that mnnuhvv = A - w(x), from which the rest of (2) follows

immediately. QED

The allocations of interest are those which are g—optimal for
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small ¢; thus (with some abuse of terminology) we definme:

A
Definition 1,1, An allocation y is optimal for the challenger

against x if for any sequence mu - 0, au > 0 there exists a sequence

A
of allocations wu such that %u - y and %“ is nulownwswu against x for
A
all j. We denote by Y(x;p) the set of allocations which are optimal

against x,

In practice, of course, a rational challenger would not use an
optimal allocation, but would instead choose an g—optimal ome.
However, the limiting allocations provide a complete characterization
of the g—optimal allocations (for small e), and we shall henceforth
confine attention to them. An explicit characterization is as

follows:

Theorem 1,2 Given p and x, define ﬁw as in Theorem 1.1, and let voters

be indexed so that nw £ nw+p. all i, Then:

(1) If nNHH.EH > A the challenger loses. His surplus is

A
mnﬁnhwv = —-[A - x(N)], and every allocation y is optimal.

{(2) If pumu.au < A the challenger can win, His optimal surplus is

A A
aNAn“vv =A- ¢“[1,m] > 0. An allocation y is optimal if and
only if
A pw for i {m
%wu
0 otherwise

for some such indexing of voters.
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Proof Since pw < all i, it follows that [1,m] = {1,2, ... , m}

nw+p.
minimizes g (C) over C § M*, (1) and all but the "only if” part of (2)
then follow immediately from Theorem 1.1. To show the rest, note that
if C minimizes pNAnv over C € M*, then nw < AM. for all i € C, i’ ¢,
(for otherwise substituting i’ for i would yield a coalition

C' = CU{i'} - {i} € M* for which q*(C’') ¢ w(x), a contradiction), so
there exists some indexing such that C = [1,#C]. If #C > m, it must
be true that nm =0 for all i € (m,#C] (for otherwise

puHu.Bu < nuﬁcv = w(x), again a contradiction), which implies the

result, QED

Turning now to the other party, we shall say an allocation is

optimal for the incumbent if it guarantees him as large a surplus as

A A
possible: thus, given p, let s (p) = max inf s (x,y;p). Then x is
1 1
x€X y€Y

A A A
optimal for the incumbent if inf mHAu.%nuv = muauv. We denote by X(p)
yE€Y

the set of such allocations, They are characterized by the following

series of results:

Theorem 1,3 Given p, for any allocation x define w(x) as in Theorem

A
i.i. An alliocation x is then optimal for the incumbent iff either

A A A
AHvannVN>w=mnszn awu nﬁzv.w.o.umutwnuwﬁm.uunnoau

{x:w(x))A}
so at minimum cost. The incumbent's surplus is then
A A
muauv = A-x(N) 20,

A A A
Anv<ANVA>uumzﬁuvusuxtmuv.w.o.u»muomwum.wnnauxwawnomnVo

x€X
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challenger’s cost of winning, The incumbent’s surplus is then

w_:: = —[A - w(D1 < o.

Proof Follows directly from Theorem 1.1 and the fact that the

incumbent wishes to maximize the quantity
A

A
inf uunu.ﬁhwv = inf HluNAn.%mvvu = -sup mNAu.%nvv = lmnAuhvv over x € X,

y y y
OED

We shall say an allocation x is a trivial optimum if every

x' € X is optimal for the incumbent. Then:

Lemma 1,1 Let voters be indexed so that vw £ ww+w. all i, and define

2 = awuﬁo.mwv. all i, The following statements are then equivalent:

(1) There exists a trivial optimum for the incumbent, or equivalently

A
y = 0 is uniquely optimal for the challenger, agaimst any x.

A A
(2) The challenger wins with surplus mnﬂvv = A= |uunwv. against any

x.
(3) plIm,n] { -A, or equivalently p(C) { A for every C € M*,

Proof (3) = (2): Let r be the largest integer such that

p; < 0 for all i { r. Suppose plm,n]l {( -A, Then clearly r 2 m, and
plm,n] = plm,r]l. For any allocation x, let

e tigr p x>0, IE# ) (r-m+ 1) = #lnx], then
evidently wﬁu+v § plm,r] from the indexing and the fact that Py <0
for i { r. Hence nuau+v = (x + wVAu+v =

() + p(F') (A + plmr) (A-A=0, since x(J7) ¢ x(N) < A and
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pim,r] = plm,n] { -A, This is a contradiction, however, since nw >0
for an i € H+. Hence it must be that ut { r - m, and hence that
#{i £ r: , +opy 0} =1~ *u+ > m. Thus there exists a coalition

C, # = m, such that x, + By £ 0 for all i € C, so for any e > 0 the

allocation

1_ ¢ forié€C
%wl
0 otherwise

would win for the challenger and yield a surplus of
unﬁu.qvnuv = A - mg., Since mnﬁn.whwv { A for any x, y, it follows

that A ) sup uwau.%huv 2 uNAn.wwmuv = A - mg, so letting ¢ = 0 we

y
A
have uwAumvv = sup mwﬁu.w“wv = A. Since this holds for all x € X it
y
A A
follows that nHAnV = max — mNAu..E = ~A,

X

(2) 2 (1): Clearly mNAu.%muv { A for any x, y, so for any x' € X, it

A A A
must be true that nuAvv = max Hlmunumvv_ 2 lmnau.nwv =
X

A A
—sup Hmnau..%muvu 2 -A. Hence muAvv = —A implies |oNAu.uuv = —~A, for
y
all x' € X, i.e. that every such allocation is a trivial optimum for

the incumbent,

(1) & (3): Suppose a trivial optimum exists but, contrary to (3),
that plm,n] > —-A, A trivial optimum exists iff Mwaunwv = |Mquv for
all x € X, This could not be true if Muﬁwv 2 0, for then the
incumbent would always win (with any x), so his surplus would be
mHAN.wnﬁv = A — x(N), which clearly depends on the choice of x. Hence

A A
nrowbaﬂevwanaﬁmnFOmm.uuu0v munvv n lmNAnnwv monnupu.>m
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before, let r be the largest integer such that Py ¢ 0 for all i ¢ r.

If r { m then under any allocation of the form I, = 8 20, all i 2 r,
A

[1,m] would be a least—cost coalitiom, so mwﬁn"uv A - ﬂnﬁu.su =

A - plr,m] -~ (m~ r+ 1)5, which clearly depends on the choice of &, a
contradiction; hence r > m, Now consider the vector x defined by
0 for i < m
x; = -p; + 8 for i € [m,r]
) fori>r
If 8§ 2 0 clearly x, > 0 for all i, Since plm,r] = plm,n] and
plm,n] > -A by hypothesis, evidently
x(N) =0 + (8 - p}[m,xr] + &(r,n] =
-plm,r] + w5 = —p[m,n] + m6 < A + w8, Hence for sufficiently small
5 > 0, x will be a feasible allocation. Evidently [1,m] will still be
a least—cost coalition for the challenger, and
numu.au = nnhu.sv + pﬂ =0 + 6., Hence his surplus is
0waunev =A- q“[1,m] = A ~ &, which, again, depends on &, &

contradiction which proves the result, QED
Next, we have:

Lemma 1,2 Let voters be indexed so that Py £ Piyqo all i, and define

p; = max Ao.wwv. all i, The following statements are then equivalent:

A
x = 0 is uniquely optimal for the incumbent,

(1)

A A
ANVH&nwnonavnuntwumtw»wmdnvuam muﬁvv u>n |m~va. amnwumnn:%

Y.
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(3) pli,m] » A, or equivalently p(C) > A for all C € M=,

A
Proof (3) = (2): If (3) holds then the allocation x = 0 satisfies

A A

nw =p,; £ Piv1 = pw+H. all i. Hence [1,m] is a least—cost coalition
) —

and its cost to the challenger is q*[1,m] = p[1,m] > A, from (3).

A
Hence from Theorem 1.1 the incumbent wins with x, and his surplus is

Nsvu>-n2vu?

(2) & (1): If (2) holds then any optimal allocation x must satisfy

A A
>n mNAvv n>|nazv,wawuwwnwnﬁzvnc.pumwobaanvununcwmﬁwo

unique optimal allocation,

A
(1) = (3): Svuppose x = 0 is nontrivially optimal, Evidently

A
pw = max(0, c+uwv =p for all i, and [1,m] is a least—cost coalition

for the challenger. If the challenger won then P, £ 0 would imply

A
aw ho.twouoo nw nc.nwuwhs.twouoo mNva nbt nuﬁw.su n>.w=a

A
hence (from (2) of Lemma 1.1) that x is a trivial optimum, a
contradiction of the initial hypothesis. The remaining possibility is

P (0, In that case, under the allocation Nw. =5 >0, all i, [1,m]
A A
X

x pumm.su + 8 > qii,ni,

’
is still a ieast~cost coalition, and q° [i,m]
A A

2
A A
s0 's,(x,p) = A - a*'11,m < A~ q*[1,m] = 5, (x;

P), so0 x would not be
optimal, again a contradiction, Thus the challenger cannot win

A
against x, so (1) of Theorem 1,1 must hold, implying

A
A < ¢*I1,m] = pl[1,m], i.e. that (3) above holds. QED
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The interesting case is when x # 0 is a nontrivial optimum,.

As an immediate consequence of Lemmas 1.1 and 1.2, we note:

Comment 1,1 Let voters be indexed so that P, Lp all i, and

i+l
define 3 N and ww as in Lemmas 1,1 and 1.2, The following statements

are then equivalent:

A
(1) There exists a nontrivial optimum x # 0 for the incumbent.

A A
(2) -A(L uuavv ¢ A and -A < mwva {A.
(3) pli,m] < A and plm,n] > -A,

Next, we note

A
Lemma 1,3 Suppose there exists a nontrivial optimum x # 0 for the

incumbent, and let w(x) be defined as in Theorem 1.1. Then either

(1) GA”V = A and NAZV = min x(N) ¢ A, in which case the
{x:w(x)2A}

A
incumbent wins and A > nquv 2 0, or

A A
(2) w(x) = max w(x) < A and x(N) = A, in which case the challenger
X

A
can win and A ) nnﬁwv > 0.

A
Proof (1): If (1) of Theorem 1.3 holds and w(x) > A then an

allocation
2 if o >0
9 € x,
n.w = A
uw otherwise
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A
would satisfy x'(C) 2 x(C) — ne for any C € M*, so for sufficiently
small ¢ > 0, w(x') > A, i.e. x’' would also be winning. But since
A A
x # 0, x'(N) < x(N) so x’ would increase the incumbent's surplus, i,e.

A
x would not be optimal,

(2) If (2) of Theorem 1.3 holds but x(N) ¢ A then there exists an

A

allocation uw. =x, + ¢ for some ¢ > 0. From Comment 1.1
A

A A A T
A m~€ = A - w(x), whence 0 < w(x) £ q (C) for any C € M*, But for

A
x! x x_ A . _ x
any such C, q° (C) > q"(C) (since 0 ¢ 9 =x; *+ Cxl o+ P, = q

’

A A
for at least one i € C), so w(x') > w(x) and x would not be optimal,

again, Hence x(N) = A, QED

The following provides a more explicit, though partial,

characterization of the nontrivially optimal allocatioms:

A

Lemma 1,4 Suppose x # 0 is a nontrivial optimum for the incumbent.
A A A A
x x . x x
Let voters be indexed so that 9 £ Uype and P; £ Pir1 if a3 = Gp4p0
A

for all i, and let { be the smallest integer for which pw > 0 and r

the largest for which x, > 0. Then:

i

(1) 1 {f {r{nand f {m

(2) p; Pii1 for all i 2 rand i < (

A : .
(3) X > 0 implies q; > 0 for all i

A
(4) If r > m then i < [ implies ?, < 0, and x is of the form
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e - B >0 for i & [f,r]

>

0 otherwise

where a > 0. (In this case P, £ Piyy for all i).

A
A
Proof (3): Suppose (3) did not hold, i.e. that Xie <0, pwc = 0 for

some i*. By the reasoning used in proving Lemm a 1.3, if the
A

incumbent wins, then the allocation n». =0 for i = i*, = T, otherwise

would also win, yet would increase the incumbent’s surplus.

!
Alternatively, if the incumbent lost then the allocation x, = 0 for i

A Tie
= i%, = x, + a w 1 otherwise would decrease the challenger’s surplus.
A
Hence x would not be optimal, a contradiction.
> .
(1): x# 0 implies 1 { r { n, and with (3) above implies 1 ¢ f ¢ r.

A
A
If { > m then pn—w.su =0 so muﬁuv = A, which from Lemma 1.1 would

A
contradict the hypothesis that x is nontrivially optimal., Hence

{ { m,

(2): From the indexing and definition of r, clearly
A A A

$d¥¢ql= $at,, = for i > r, sop 2 for i 2 r

Pp 39,38y =P 3 Q443 T Piaa ’ i+1 ¢ By .
A
Similarly i < f implies pw = B»nao.va =0, so from the indexing
p; $ vy, for i<f~-1.
To extend this to i ¢ f, suppose the contrary, i.e.
A A
i x x A

Py > Py Since Py 4 Pey < pnlu =0 < 9 =y + N». it follows that

A
Py ¢ 0 and I, > 0, If the incumbent wins then the allocation

A
X, - Avnlu - w~v for i

i

{ -1

"
~

x'.= 0 for i
A
X

i otherwise

29

A A
’ 1]
would satisfy nw = nw for i # (, [ -1, pw =0 = nMIH.
, A A
0 < nwuu = nM < nw for i > [, so since f { m, [1,m] would still be a

least—cost coalition for the challenger, and its cost would still be
, A
¢ [1,m] = q*[1,m]. However x'(N) = x'(N - {f-1,{]) + gty =

A A A A
x(N - {{-1,(}) + - (pyy ~ P + 0= x(N) - (pg, - pg) < x(N)

A
(since g = 0, from (3) above), so x’ would still win and would
increase the incumbent’s surplus, a contradiction. Alternatively, if

A
the challenger could win against x, then the allocation

0 for i < -1

P y+e fori=(-1
Xt = I TPy TR e Hor 3T

0 for i = {

A

x, + & for i > I

Gnuu n unV
where ¢ = a-(+1) > 0, would decrease his surplus, again a

A
contradiction of the hypothesis that x is optimal.

A A A A
A x

(4): Suppose p“ > nm. Let T = {i: X > 0 and nm =q }, t = #T, and

consider an allocation of the form

-e¢ fori €T

D 0 for i §TUN

for some small ¢ > 0. If the incumbent wins let N.a =z, + (t - De.

For sufficiently small ¢, [1,m] would still be a least—cost coalition
A
[ A A
sapuz,.asnu:.au?.nu:a::.a: u..-Ju
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- # (TN [1,m]) + (t — 1)e 2 0 (since r € T by definition, and r > m
by assumption, implying #(T ¥ [1,m]) ( t - 1). But since

x'(N) - Mﬁz_ =-gt + (t - 1)g = -e¢ ¢ 0, x’ would increase the
incumbent’s surplus, which is impossible. Similarly, if the

challenger wins, setting n.n = tg would decrease his surplus, again a
A A
contradiction, Hence it canrot be that pm > nw. which from the
A A A
indexing implies that nw = nm = pw all i € [{,r]. Hence, taking

A
A
a = AM > 0 it follows that x is of the stated form.

Moreover if Pie 2> 0 for some i* ¢ {, we could comstruct an

allocation x* (where u9wo = (r - { + 1)e if the challenger wins or
A

(r - {)eg if the incumbent does, Now =x, - for i € [{,r], an

otherwise) which increase the incumbent’s surplus, by the same

(]
o

reasoning as above, QED

Rather than attempt a complete characterization of Wawv for
all possible p, we shall confine attention to incumbency premiums
which are in equilibrium, or nearly so (in a sense which is defined
precisely in the section below). Optimal candidate strategies for

these p are given by the following important result:

Theorem 1,4, Let a = min (A/m, (1/n)[A + p(N)]1). If
_vw_ ¢ a (¢ a, respectively) is optimal (uniquely optimal,
respectively) for the incumbent, The election outcome and surplus to

the winning candidate is then as follows:

(1) If p(N) 2 E=EA then a = Afw < (1/n)[A + p(N)] and the incumbent
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A A m1
wins, with surplus uunuv = [A - x(N)] = [p(N) |.A|Mlv>u 20

(2) If p(N) < mww> then a = (1/n)[A + p(N)] < A/m and the challenger

wins, with surplus

A A
mnﬁnhuv =[A-a"* m

mm.lH -
ﬂ HABV> vsz_vc.
Proof Note that A/m < (1/n)[A + p(N))] iff mw <A+ p(N) iff

m—-1
m

indexed and [ and r defined as in Lemma 1.4,

A { p(N), (since n - m= m - 1), and conversely. Let voters be

(1): If a = A/m then x(N) = (A/m —p) (N) = uﬂw - p(N) { A (by the

A
second inequality above), so x is a feasible allocation, For any

A
C € M=, nuaov = (A/m)#C 2 A>\ava = A since #C 2 m, so the incumbent

A nA
twbm.sunrwmmuneunuwm>lnszn>l nﬂ +quv

m=-1
e A2 0.

p(N) -

Now consider some optimal allocation x', and let voters be
indexed and [ and r defined as in Lemma 1.4, with respect to this
allocation, The incumbent must still win, so nu.ﬁnv 2 A for any
CEM*, If r {mthis would imply nw. =p; £ >\E for all i > r, and
hence (from the indexing) that mw. { A/w for all i. If this
inequality were strict for any i, however, then pu.ﬁnv < A for any
coalition C which contains i and #C = m, so the incumbent would lose,
which is impossible. Hence pm. = >\s. all i, implying 0 = x' and
hence that ” is uniquely optimal,

The remaining possibility is that £ > m, In this case, from

(4) of Lemma 1.4, there exists a > 0 such that uw. =a - p > 0 for
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i€ If,z], uw. =0 ) P, for 1 < {, while p; 2 a and nw. =0 for i ) r.
’
Clearly the incumbent must win with x’, so nu [1,m] > A, implying
x! x' x!
m(A/m) = A< q [1,m]l =q [1,(] +q [£,m] =0+ a(m~- [ + 1). Hence

A A
a 2 >\a. Equality would imply [ = 1, in which case x = x’ so x is

sniquely optimal, Otherwise, suppose ¢ > A/m and { > 1. Then r = n
(since Py £ >\B ¢ a for all i), and we can rewrite the above
inequality as (f - D{A/m) { (a - A/m)(m - { + 1) =
1/2[2(a - A/m)(m - £ + 1)] =1/2(a - A/m)([n - £ + 1] - [ - 2]} ¢
H\NAn - >\SVAu ~ f{ + 1) (using the facts that 2m = n+ 1 and { > 2).

A A
x' must yield at least as large & surplus as x, so x'(N) { x(N), i.e.
N-AZV = Nu_”Hva + w_”NsB.H =

A A A A A
0+ (x' - x)[f,n] + x[{,n] { x(N) = x[1,{) + x[f,n], implying
A A
(x' - x)[f,n} = (a - A/m)(n - [ + 1) £ x[1,{) =
(A/m - p)I1,L) £ NA>\BuA~ - 1), since Py 2 —A/m, all i. Clearly this
and the earlier inequalities will be consistent only if all are
A A
actually equalities, implying x(N) = x(N) and hence that x is also
optimal, Moreover if P; > 0>\B for all i the above inequality would
be strict, a contradiction of the earlier inequality, so the
A A

hypothesis a > >\a. { > 1 cannot hold, i.e. x' = x and x is the unique

optimal allocation for the incumbent.

(2): If a= (1/n)[A+ p(N)] < A/m then ”.zv = (1/nl[A + p(N) - pl(N)

= A+ p(N) — p(N) = A, so the allocation is feasible, again., For any

A
C, # = m, evidently auanv = AH\HH> + p(N)I)m ¢ A>\Ev5

It

A so the

challenger can win, and his optimal surplus is

A

A - o®(C) = pA/n - w/nlA + p(N)] = mod

n

A = (mfn)p(N)

1]
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A
1 A~ p(N)1 > 0. The optimality and uniqueness of x are

n/n = M

argued as above. QED

2, Issues

An issue is a proposal or measure which, if enacted, would

result in a specific distribution of gains or losses to voters, i,e. 2
fixed vector b € R™ of net bemefits. Fach party must adopt a
position on the issuve, i.e., favor or oppose it., If a party favors it
and then wins the election using an allocation z, each voter i
subsequently receives 8 benefit of z; + cwh alternatively, if the
winning party opposes the issue, the subsequent benefit to i is only

z The incumbent must commit himself to a position and an allocation

i
before the challenger does, Voters use the same decision rule as
before, except that then they now include the benefits arising from
the candidates’ issue positions in their calculations (e.g. if the
incumbent opposes the issne and the challenger favors it, i votes for
the incumbent if and only if X, vy > v+ vw. and so forth),

A strategy for a party consists of a position and an
allocation, e.g. (favor, x). Optimal strategies are defined in the
obvious way. We shall say a position (or aiiocation) is optimal for a
party if there is an optimal strategy involving that position (or
allocation); if all optimal strategies involve that position (or
allocation), it is uniguely optimal, A position is conditionally
optimal with respect to an arbitrary (not necessarily optimal)
allocation if it maximizes the party's surplus (minimum serplus, for

an incumbent) over the set of strategies containing that allocation;
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an allocation conditionally optimal with respect to a position is
similarly defined. (Clearly a strategy (m,z) is optimal if and only
if x and z are conditionally optimal with respect to z and =,

A
respectively.) We denote by s (b,p) the optimal surplus for candidate

b/
j» given p and the issue b, and by “WAn.anv.wv the challenger's
optimal surplus against the strategy (x,n).

If both candidates adopt the same position on an issue, the
outcome and surpluses will depend only on their allocations. Thus the
challenger can always guarantee himself at least Mwva by matching the

incumbent’s position and using the optimal allocation of Theorem 1.1;

hence

A A A A
Comment 2,1, For any issue b, uuac.wv £ muAuv and nqu.vV 2 uNAuvn

no issve can help the incumbent.

Issues can be classified in various ways. For example an
issue is a weak Pareto—improvement over the status quo if vw > 0, all
i (or conversely is Pareto—inferior if cw < 0, all i); socially

beneficial (or disadvantageous, respectively) if b(N) > 0 (b(N) < 0,

respectively); or is majorit referred if there is some majority

coalition C € M* for which b, > 0, all 1 € C, Strategically, however,

i

the following classification turns out to be the fundamental one:

Definition 2,1, Given an issue b, let voters be indexed so that

cw £ ww+u. all i. Then the issue is

(1) positive if b[1l,m] ) 0, or equivalently b(C) > 0, eall
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C € Me,

(2) negative if blm,n} { 0, or equivalently b(C) 0, =ll

C € M*; or

(3) gontroversial if it is neither positive or megative, i.e.

b{1,m] < 0 and bim,n] > O.

If the inequalities in (1) or (2) are strict, the issue is strictly

positive or negative, respectively.

In analyzing the electoral impact of such issues, we shall
confine attention to situations in which p is nesar equilibrium, and in
which the distribution of benefits and costs generated by the issue
itself is small relative to the allocated benefits. In particular, we
shall henceforth assume the issue b to be ”small” in the following

sense:

Definition 2,2 Given p and b, let voters be indexed so that

vw £ cw+H. all i, and define a = min (A/m, (1/n)[A + p(N)]1). The

issue b is "small” (relative to p) if _ww P Acu - cuv_ ¢ a for all i.

We now have:
Theorem 2,1, Let b be a positive issue which is "small,” It is

optimal for both candidates to favor it; uniquely so for the
incambent, if the issue is strictly positive, and for the challenger

as well if he can win, The outcome and surplus to the winning

A S
candidate are unaffected, i.e. muﬁc.uv = muﬁwv for either candidate j.



36

(Analogouns results for a negative issue b are obtained by applying the

assertions above to a new issue b* = -b,)

Proof Let x, = a — Py where as usual a = min[A/m, 1/n A + p(N)]. It

i
follows from Definition 2,3 that a > 0, and I, > 0, all i, Let voters

be indexed so that eH £ vw £ oo of va.

Suppose first that the incumbent favors the issue, and uses
the allocation x, If the challenger opposed the issue, he would have
to bid q,;' = max (0, a + ch for i's vote, so C' = [1,m] will be &
least—-cost coalition for him, and its cost will be
q'(C’) 2 (a+ B)(C') = am + b(C') > am (since B(C’') 2 O for a positive
issue)., If instead he favored the issue he would have to bid only a
for any vote, so the cost of C' would be am; hence, given this
strategy by the incumbent, it is optimal for the challemger to favor
the issue, uniquely so if the issue is strictly positive and the
challenger can win (if not any position would be optimal for him) .

Now suppose the incumbent opposed the issue. If the
challenger favors it, he would have bid nw = max (0, & — ch for i's
vote, so nn = [m,n] is a least—cost coalition, and its cost is
nwanmv = max (0, a - chQNV < am (since ww > 0 for all i & [m,n] =
for a positive issue). On the other hand if the challenger also
opposed the issue he would have to bid a for any voter i's vote, so
the ost of securing a majority would be am; hence it is optimal
(uniquely so, if the challenger can win) for him to favor it.

Moreover since the minimum cost to the challenger wounld be less in

this case, it is uniquely optimal (conditional on x) for the incumbent
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to favor the issue.

It remains to show that x is optimal., But if the incumbent
favors the issue and uses x, then since the challenger will also favor
it, the issue will play no role, and the outcome and surpluses will be
as given in Theorem 1.4 (x is identical to the allocation M of Theorem
1.4). Hence, in view of Comment 2.1, the strategy (favor, x) is
optimal for the incumbent.

To establish uniqueness, if the incumbent used an allocation
x' # x, then whatever his position 5, the challenger could adopt the

A A
auaocomwnwonwpmnvouovnuwnnmunwaauom unﬁn.“uv v uuﬁumuv n

A
uuAumanv.mv. from the uniqueness part of Theorem 1.4; hence x is
uniquely optimal for the incumbent, from which it follows that it is

also uniquely optimal for him to favor the issue. QED

Hence positive issues will be supported and negative ones
opposed by both candidates, and such issues will not affect the nature
of the allocational contest between the candidates.

Controversial issues are another matter, To get some insight
into the impact of such issues, it will be useful to first comsider
the simpler situation in which the issue arises after the incumbent
has already committed himself to an allocation (but before the
challenger has). The incumbent, not anticipating the emergence of the
issue, would then employ the allocation M of Theorem 1.4;
subsequently, when the issue arises, he can take whatever position is

A

best for him, but cannot readjust his allocation x, The challenger,

on the other hand, can decide upon his own position and szllocation
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simul taneously, with full knowledge of his oppoment’s strategy.

Let voters be indexed so that vw £b all i, and define

it1l’
B~ = b[1,m] and B = bIm,n] as the sum of benefits over the least— ana
most~favored majority coslitions, respectively; since the issue is

controversial, B < 0 < w+. We then have:

Comment 2,2 Let b be & controversial issue which is "small,” and
suppose the incumbent uses the allocation ” of Theorem 1.4. No matter
what position the incumbent takes, it is uniquely optimal for the

challenger to take the opposite position. It is conditiomaily optimal
for the incumbent to favor the issue if B* > IB7] (uniquely so, if the

inequality is strict). In this case the challenger can win with

surplus

A
s if s,(p) 20
A A

s, (x, favor;b,p) = o _
s,(p) + IB| otherwise

(Analogous results for the case w+ ¢ IB7| are obtained by applying the

above assertions to the issue b’ = -b.)

£b.. .., all i. If both

Proof Let voters be indexed so that b, { b,
1 1Tk

candidates take the same position, the challenger must bid a for any
voter's vote, or am to obtain a majority. If the incumbent favored
and challenger opposed the issue the challenger must bid

max (0, a + cwv for i's vote, so [1,m] is a least—cost coalition.
Since the issune is controversial, b, < cﬂ - GH. and since it is small,

i

_cn - vp_ Ca. Hence a+ b, > 0 and the cost of the coalition is
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(a + b)[1,m] = a’m + B < a'm (since B_ < 0) so it is optimal for the
challenger to oppose it. By the same reasoning, if the incumbent
opposed and the challenger favored the issue, the challenger would
have to bid a — cw for i's vote, [m,n] would be a least—cost
coalition, and its cost would be (a — b)[m,n] = a’°m ~ B" > a'm.
Hence, again, it is optimal for the challenger to take the opposite
position (uniquely so, if he can win). It is conditionally optimal
for the incumbent to take whichever position is most costly for the
challenger, i.e. to favor the issue if IB71 ¢ |w+ or to oppose it if
the inequality is reversed.

In the former case, the cost to the challenger of securing a
majority is IB"| less than it would have been in the absence of the
issue, i.e. in the pure allocation game of Theorem 1.4, If a = Alm
the incumbent would have won originally, so now the challenger does,
with surplus nwAv.uv = |B"|; otherwise, if a = 1/n [A + p(N)] the

A

A -
challenger wins in both cases, with surplus nNAv.vv = mHva + B 1.

QED

If the incumbent opposes the issue the challenger, by favoring
it, can obtain the votes of those who would benefit from it more
cheaply than otnerwise, while if the incumbent favors it those who
bear its costs become more vulnersble to the challenger. Hence
irrespective of what stand the incumbent takes on it, a controversial
issue creates opportunities for the challenger. The incumbent

minimizes this vulnerability by favoring the issue if : 2 IB7l, or

equivalently 0 < B + B = blmmn] + b[1,m] = b[1,n] + b = b(N) + b;
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thus

if the benefit va to the median voter is negligibly small, the
incumbent favors a controversial issue if it is socially beneficial,
and opposes it if not. The challenger, however, takes the opposite

position, and prevails. Thus the socially inoptimal position is

A
ul timately victorious. All this is conditional on x, and assumes the

incumbent cannot readjust his allocation to compensate for the
vulnerabilities created by his stand om the issue.

To enalyze the more general case when the incumbent can
optimize over his allocation and position simul taneously, we must
first define some additional quantities. As before, let voters be

indexed so that b, £hb all i, and again define B = b[1,m] and

i+1’

B = bIm,n]. For any number h, define (w = (i 2m: dw > h},

I () ={i<m:b >h}, end £(b) = b(I* (1)) - B(I(h)). Bvidently

£(B) =0 -0=0 forh ) b, m:;n%-uuvéuvo?uwmep. and

is continuous and strictly decreasing in h for h € ncu.cnu. Hence

there exists a unique h* € Avu.duv such that f(h*) = -B . We now

define: I = 1I'(n*), I = I (h%),

b, - b for i 61 UT

ww s
0 otherwise

+ -

pt = g(@), B7 = g(I'). (Note that £(n%) =" - p” = -B7, g' 5 0,

g~ 2 0, and g(N) > 0,)

Lemma 2,1 Let b be a controversial issue, and let voters be indexed

and the quantities h*, p~, p*, B, B', g defined as above. The
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following statements are then equivalent:

(1) 8~ > o0,
(2) B* Cb.
(3) W (b, - b ) ¢ -B .
n 1 m
B(N)
(4) b > 2T

Proof (1) = (2): Since B~ = g(I ) = (b - k*)(I' ), B~ > 0 implies

I # 0 and hence that v» > h* for some i § I € [1,m], whence from the

.
indexing cs 2 vw > hs,

(2) 2 (3): h* ( vs implies = [m,n] and m € I , whence

B uw:vwgs-w.vc»am.._?w|wavvMsqun

g™ =pt =B+ p" > 8.

(3)  (1): If we set h=b_ evidently I (1) =0, (k) = [m,n] and

£(h) = M [b, - b 1, so if (3) holds £(k) > -B , which implies that
m

h* < b, whence T # 0, whence B~ = (b — h*)(I") » b - h*> 0.

(3) <> (4): Evidently

Ws (b, -~ b_) + B =blmnal - mb, + b[1,m] = b(N) ~ (m - Db, so (3)

holds iff b_ > E. QED
m m-1

Next, we have:

Lemma 2,2 Let b be a controversial issue which is "small,” with
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voters indexed and u+. g, etc. as defined in Lemma 2.1, Define: 5 |H b < b(N)
- - = , or
A _ m m~m-1
% = a-p, -8, all i, vhere a = min ((1/m)[A + 8*1, 1a,b) p() - E=Ha ) .
A i e T T e~
H\=_> + p(N) + g(N)1). Then x is a feasible allocation for the n n m ' m - 1°
A A A
i bent d 0, + p. > 0 and + + b, 0 f 11 i.
noumbent, and x, B ame Xyt Ry i’ or @ In this case his surplus is
Proof Since a £ (1/n)[A + p(N) + g(N)] it follows that -
r® - A - if b g AL
x(N) = (e = p-g)(N) =a " n—-p(N) — g(N) { n(1/n)IA + p(N) + g(N}J A A n m m-m-1
2(a,d) nuau.nv = +
- p(N) — g(N) = A, so the budget conmstraint is satisfied. Moreover p(N) ~ = Hv> + [B + AMI - 1)1 if b > |Wth.
m m m m m -
since T > 0 and g(N) > 0 it follows that a = min ((1/m)[A + B'1,
Otherwise, if he loses, his surplus is
(1/0)IA + p(N) + g(M]1) > min (A/m, (1/n)[A + p(N}]) = & > O, while
{b_ -0 construction. Since the issue is small, - - =
B <Py By Y Epn - B+ 25 -2 i b ¢ N
A A A n n n m m m-1
P+ Avu - epv < a, whence 1, =e-p "~ 8 >a-p - Avu - vHv > 0, 3(a,b) muAH.uv = . . .
A Epm - B+ B+ B - 31 arp > 2
n n n m n m m-1

Similarly b small implies Acu - wuv ¢ a, whence X, +tp=a- g >
a~-(b_ -0 0. Iti dil rified that
n HV > s readlly ve Proof If the challenger also favors the issue, he must bid a strictly

A
positive (by Lemma 2,2) amount q; = X, + P, =@~ g for voter i's

+ -
A *
Totp ¢ b, = a+ h for i €I UI

i a + cw otherwise vote. If i €I U T then 8 = b. - h* (D h* = from the

i i1 Biv1
indexing, so [m,n] is a least—cost coalition to the challenger, and

For a controversial issme |b.| ¢ (b_ - b)), and (b_ - b,) ¢ a since
i n 1 n 1 +

its cost is qlmn] = am - glm,n] = am - B .

the issue is small, so -b, _vw_ ¢a < awhence ¢ + b, > 0. The same
Alternatively, if the challenger opposes the issue, he must

reasoning applies to h%*, QED A

bid 0 < q;' = x,+p ¢t w» =a - g+ b, for i's vote, where
A
Lemmg 2,3 Let b and x be as in Lemma 2.2. If the incumbent favors .
A a - (b, - h*) + cw =aq+ h*t fori €I UI

the issme and uses the allocation x, either position will be optimal nw. = i
a + c» otherwise

for the challenger. If the challenger uses an optimal strategy, the

outcome and surplus to the incumbent will be as follows: Since h* 2 b, 2 b, for all i € I" UT, it follows that [1,m] is s
i i-

The incumbent wins if and only if least—cost coalition, Tts cost to the challenger is q'[1,m] =

(a - g+ b)[1,m] = am - gl1,m] + b1,m] = am - B+ B = am - m+.
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since m+ -p = -B by construction, Hence either strategy is
optimal,

To prove the remainder, note that if a = 1/m[A + w+u the cost
to the challenger is ¢im,n] = am - w+ = EAH\EVH> + u+u - u+ = A; thus
the incumbent wins if and only if 1/m[A + u+_ $ 1/n[A + p(N) + g(N) ],

Consider first the case va £ mWMMW; Then, from Lemma 2.1,

B =0, so g(N) = m+ = =B , and the incumbent wins iff

1/mlA - B7] { 1/n[A + p(N) - B ], or (n - m)A - mp(N) £ (n - mB
which since n ~ m = m - 1 is equivalent to (1la). If this inequality
holds and the incumbent wins, his surplus is uwau.nv = A - ”sz =

A- len - p(N) - q(M] = A- n(1/mlA + $71) + p(0) + g* =

p(N) - ABIWIPV> - AmrmWPvalwlv. which is equivalent to (2a).
Alternatively, if the inequality fails then the incumbent loses,
a=1/alh+ p(N) + g(M], and $,(1,D = ~(A - qlmal) = -A+ an - p* =

-A+ m(1/nfA + p(N) + g(N]) - B*

m -~ val
n

nAFWb;,,mileawa;,fumizvLawH::A
implying (3a).

Now consider the case b > skmhw. From Lemma 2.1, B > 0,
whence I' = [m,n] and g(N) = (b - h¢)(I' UT) =
(-8 + (b - - (b -w)T AT) =" +p7 - (b - 1o,
since I’ I = {m). As before, the incumbent wins iff
(1/mA + 71 ¢ (A/n)IA + p(N) + g(N)] =

(1/n)[A + p(N) + w+ + B - Aca — h*)], or equivalently, after some

manipulation, p(N) - (&2 M Hv> 2 & M Hvu+ - B+ Ava — h*) =

+ - + + - — + +
B -8 - v (o - w0, since p* - p7 = -BT ana " = (b - w0 =
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(b - h*)[m,n] = w+ ~ mh*, this inequality becomes
+ +
m=-1 _g~ - B_— mh* ~ he = g - B
p(N) ( o )JA > -B - + va h B -t wa. i.e. (1b),

It is straightforward to verify that the surpluses are as given in
(2b) and (3b). QED

A

Lemma 2,4 Let b and x be as in Lemma 2,2, If the incumbent favors

A
the issume, the allocation x is conditionally optimal for him.

Proof We must show that no other allocation can increase the

incumbent’s surplus. Suppose that such an allocation, z, did exist,
and consider the vectors (potential allocations for the challenger)

= = ' =
y; = 23+ p; fori € [m,n], = 0 otherwise, and vy z, 4+ p; ¥ by for

i € [1,m], = 0 otherwise.

If (1) of Lemma 2.3 holds these vectors must satisfy ylm,n] > A,
y'[1,m] > A, since otherwise the challenger would win; hence, from the
definitions of y and q (from the proof of Lemma 3,3) it follows that
(z + p)im,n)] = ylm,n] > A = qlm,n] = AW + p)Im,n], whence

z[m,n] > Mms.uuu similarly z[1,m] 2 MHH.EH. from the definitions of y’'
and q’. Moreover, since by hypothesis z increases the incumbent’s
surplus, z(N) < Wazv. These inequalities together imply

z[1,m) < ﬁ—w.sv. z(m,n] < ”As.nu. z, > x . From the second of these,

A
there must exist a voter i* > m for which P < Nw.. and since

A A A
Tie + Pie < x + 18 by the comstruction of x, it follows that

A
L + Pia < T + Py Hence, taking C as the majority coalition
C= [1,m) U {i*), we have (z + p)(C) = (z + p)[1l,m) + Zie ¥ Pjo <

A A A
(x + p)il,m) + x+op, = (x + p)I1,m]. Hence, by opposing the issue
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and bidding WW. =z, +p ww for i € [1,m], the challenger’s cost
would be y'[1,m] = (z+ p + b)[1,m] ( A”._. p+ b)1,m] = q'[1,m] = A,
i.e. he would win, a contradiction of the hypothesis that z increases
the incumbent’s surplus,

If the inequality (1) does not hold, then an allocation z
which increases the incumbent’s surplus would have to satisfy
ylm,nl > qfm,n], y’{1,m] > q'[1,m], and z feasible would imply
z(N) (A= .pzv. By analogous reasoning, these inequalities imply
ylm,nl = (z + p)Im,n] < qlm,n), and hence that the challenger could
increase his surplus, and therefore decrease the incumbent’s surplus,
by also favoring the issue and bidding vy for i € [1,m]. Hence, no
allocation z can increase the incumbent'’s surplus, so long as he

favors the issue. QED

Lemma 2,5. Let b be a controversial issue which is "small.” It is
optimal (uniquely optimal, respectively) for the incumbent to favor

the issune if and only if B(N) > 0 (b(N) > 0, respectively).

Proof It the incumbent favors the issue his conditionally optimal

surplus is given by Lemma 2.3, in view of Lemma 2.4. Coaversely,

opposing the issue b is equivalent to favoring the issue b* = ~b;
hence the conditionally optimal allocation x* and surpluses can be
obtained by applying Lemma 2.3 to the issue b*.

Denote various quantities appearing in Lemma 2.3 by

- +
By, a=08 -B1, R= 8"+ B - b 1. (Thus if
m m m m

P = p(N) - (

b < wawhlwcm. the incumbent wins iff P > —Q, etc.) Let Q* and R* be the
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corresponding quantities for the issue b* = ~-b. Evidently ea. = lea

and b*(N) = ~b(N), Moreover since B*" is b*[m*,n*] when voters are
arranged in order of increasing ew-o. or equivalently (since
f.; = lvwv. in order of decreasing vw. evidently [m*,n*] consists of

the voters [1,m] when voters are reordered so that vw+u 2 cw. i.e.

B*' = b*[m*,n*] = -b[n*,n*] = -b[1,m] = -B . By the same reasoning,
—_— - B + B
B¢ =-B ., Hence Q* = [B* - |M|H = [-B + |alu and
- B+ + B
R¢ = [B* +— -b* ] =[-B -=—+1b]l,
m m m m

Consider first the case vs 4 %nm.hcm. If the incumbent favors
the issue he wins iff P 2} Q, and his surplus is P+ Q or m@ + Q) if

he wins or loses, respectively. Alternatively, if he opposes it (i.e.

() _ br(N) parts (b) of

favors b* = —-b) then since b* = -b_ > .
m m ' m-1 m~-1

Lemma 2.3 applying, i.e. the incumbent wins iff P 2 —-R*, and his
surplus is P + R* or .MQ + R%), respectively.

If P ) max (—Q,-R*) the incumbent wins in either case, so it
is optimal to favor iff the surplus by favoring is at least as large
as that when opposing, i.e. P+ Q > P + R*, i,e. @} R*, If
P ¢ min (-Q,-R*) he loses in both cases, and the same condition
foliiows, If -Q {( P { R* the incumbent can win only by favoring, so
that position is uniquely optimal, while if ~R* { P ¢ Q he wins only
by opposing, so it cannot be optimal to favor the issue. These
assertions together imply that it is optimal for the incumbent to

4+

favor the issue if and only if Q ) R*, i,e. R®* = -B - M” + _uB £

B - wﬂ = Q, or equivalently b < B + B' = b(N) + b, d.e. BN 2 0.
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If va > mwmﬂw then by the same reasoning it is optimal for the

incumbent to favor b if and only if R ) Q%, i.e,

- B + . BY
B + ol wa 2 -B + o of equivalently b(N) > 0, again,
*
The final possibility is b = stEm. in which case b * = Wmmw

so parts (a) of Lemma 2.3 apply to both b and b*. It will then be

optimal for the incumbent to favor b* iff Q > Q%, i.e.

+

B - MH > -5« MH. or equivalently 0 ¢ & M vawl + w+u =
m-1 _/m=1 . b(N)
( - YIb(N) + vau = ( - YIb(N) + — Hu

poly@=Lltlyn, d.e. BN 2 0. QB

#
~

We may summarize these various results as follows:

H&aonoan.wrnwwvauoounno<onmwunwmnuutwwowwm:msnmw.:Hﬁwm
optimal for the incumbent to favor the issue if and only if b(N) > O,
ji.e. the issue is socially beneficial, If the incumbent uses an
optimal strategy, either position is optimal for the challenger. The
outcome and surplus to the winning candidate will be as given in Lemma

2.3. (Analogous results for the case b(N) { O are obtasined by

applying these assertions to a new issue b’ = -b.)

3. Equilibrium

Let us now think of the incumbency premiums as prices or
constituent demands, under the control of the individual voters or
groups. Voter i, by raising or lowering his price Py makes himself
less or more available to the challenger, which may in turn affect the

outcome of the election, and the payoff he subsequently receives; he

49

will attempt to set his price to ensure as large a payoff as possible,
All prices are assumed fixed in advance of the election., The two

A A
parties then choose optimal allocations x, y, and after the election

A A
nuow<onoutwwunooow<ovwn%ommom<unon <wn<. mavauawnmou

i i
which party wins. The optimal allocations are not necessarily unique,
so for each p there will be a set V(p) € R™ of possible n—tuples of
payoffs to voters, one for each possible winning optimal allocation.
Each voter or group i is assumed to have well-defined (though not

necessarily complete, or transitive) preference over the sets of

possible payoffs or, equivalently, over the n~tuples p. These

>
preferences are representable by a binary preference relation ~, with
i

strict preference > and indifference ~ being defined in the ususl way.
i i

¥We can now define an equilibrium, in the obvious fashion, As
a matter of notation, to focus on variations in some voter i's premium
p;, we denote by oy the (n-1)-tuple Awwn....uwlu.ww+w.....ubv. and by

Auw.uIWV the full n-tuple Awp.....uw.....wav.

Definition 3,1, An n—tuple p € R™® is an equilibrium if for no voter

’ ’
i is there a price ; such that Avw. P_;

Some price vectors satisfying this definition are of limitea
interest. For example, if all prices were set so high that the
incumbent could win with the allocation x = 0, no voter would receive
a positive payoff. If no voter could affect this by changing his own
price alone, then we have 2 sort of "equilibrium by default,” despite

the fact that the payoff to every voter is zero. We shall say such an



50
equilibrium is degenerate: to be more precise, let ﬂwva be the
maximum possible payoff to i at p, i.e. ﬂwﬁwv = max T We then

v € V(p)
define

Definition 3,2, An equilibrium p is degenerate if

— -— ’ 1]
<wAuv =0 = <wﬁww. w|wv for all i and all p;-

The following property will be useful:

A
Lemma 3,1 Suppose there exists a nontrivial optimum x # 0 for the

incumbent. If p, = 0 for any i* € N then there exist optimal
is
A A

allocations x’' € X(p), y' € Y(x’;p) such that <woﬁu..<.muv > 0.

Proof Let voters be indexed and r and { defined as in Lemma 1.4, with

A
respect to some optimal allocation x. If r > m then (4) of Lemma 1.4

applies, so i < f implies Py 2 a > 0, Hence, since Pie = 0, it
follows that i* € [f,r], which implies the result.
Otherwise, if r { m, since n” > 0 (from (3) of Lemma 1.4 and

the definition of r), it must be true that i* { r (for i* > r would
A A A
imply Tie = 0 and hence that nwo =0 < n“ which is inconsistent with
a A A
x x
the indexing of votes). If Xie > 0 then O < 95 £ 9 (from (3) of

Lemma 1.4 and the fact that i* {( r { m), again implying the

conclusion,
a A
The remaining possibility is 0 = Tie™ nwo. Consider the
allocation
A
X, "8 for i €T
x', = te for i = i¥,

0 otherwise
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A A A

_ops. M _ . x x x
where T = {i: x, > 0} € [1,m] and t = #I. Since 9e =0 < q Y 9

i
using (3) of Lemma 1.4 and the fact that r { m + 1, for

Pl
L]
sufficiently small ¢ > O it will still be true that pm- = tg ¢ Pl

A
’ ’
and AM < pw < Pre1 = nw+w. for all 1 ¢( m so [1,m] is still a least—
A

A '
cost coalition, and evidently x'(N)=x(N), nu [1,m] = nuap.su. so x' is
also optimal, But then <wAn..%V = n~w = tg » 0 for any y if the

A
incumbent wins, while if the challenger wins there exists an optimal y

A A x’
uﬁnwﬂw-n den..wv nwwnnwn nmvc.ons

The degenerate equilibria can now be completely characterized

by the following result:

Lemma 3,2, For any p let voters indexed so that r; £ Piyq’ for all

i, Then p is a degenerate equilibrium if and only if either
(1) PpI1,m1] > A, or alternatively
(2) plm1,n] - A,

Proof If: For any i and w.w let p’' = Au.w.wwv. For any C € M*

evidently p'(C) > p'(C — {i}) = p(C - {i}) » pl1,m - 1],

from the indexing and the fact that Mw. 2> 0., Hence if (1) above holds
then (3) of Lemma 1.2 also holds, so the incumbent wins and his

A A A A
uniquely optimal allocation is x = 0, whence V(x,y;p’') =0 all x € X

whence dﬁv.v =0 for any such p’. By an analogous argument
p'(C) £ plm+ 1,n] for all C & M*, so (2) above implies (3) of Lemma

A
1.1 and hence that the challenger wins and y = 0 is uniquely optimal,
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whence dAu.v =0,

Only If: Suppose neither (1) mor (2) were true. Choose w.s = 0, and
designate by [1',m’] and [m',n’'] coalitions which minimize M.Anv and
maximize p’(C) over C € M*, respectively (identified by reindexing
voters in order of increasing u.wv. Since (1) fails, A MHH.E - 1] =
pli,m— 1] + .mg. = p'[1,m] » p'l[1',m'], Similarly, since (2) fails,
-A {plm+ 1,n] = p[m+ 1,n] + ba. = p'[mn]  p'im',n’], Hence (2)
of Comment 1.1 holds, so there exists a nontrivial optimum for the
incumbent, Since us. = 0 Lemma 3.1 implies <EAM.<“b.v > 0 for some

> ) l
x € X, y €& Y(x;p'), i.e. 0 < <BAu.v u <aAbs,.ulsv. uouwmbonn

degenerate equilibrium, QED

The non—degenerate equilibria are the ones of interest. To
obtain a more explicit characterization of them, we introduce some
slight additional structure on voter preferences. Since each voter i
is ultimately interested in maximizing his own payoff Vi his
preferences over sets of payoff n—tuples are assumed to reflect this,

'

In particular, if V and V' are two such sets such that vy 2 vy for all

v €V, v/ EV', then we shall say that V dominates V' for i.

Definition 3,3, Voter preferences are said to respect dominance if

>
p ~ p' whenever V(p) dominates V(p') for i.
i

¥We then have:

Lemma 3,3, Suppose voter preferences respect dominance. If p is a
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nondegenerate equilibrium, then uwﬁvv > 0 for every voter i,

Proof Let voters be indexed so that Py £ Pyt for all i. Suppose
that mﬁw.su < A and p[m,n] > -A but that ﬂuﬁvv = 0 for some voter j.
Let u.u =0, p’' = Avu..buv. Fvidently wu. =0 £ uu and bm. =0 2 bu.
so p'[1,m] ¢ pl[1,m] ¢ A and p'[m,n] } pIm,n)} > -A, Hence Lemma 3.2
applies, implying v (p) > 0, i.e. v.(p.’,p.) >0 =v.(p.,p,), 2
PP » implying v .(p PR IR ..uhb.dv

contradiction of the hypothesis that p is an equilibrium,
There are two remaining possibilities to consider:

(1): MHH.SH 2 A: In this case, from Lemma 1,2, x = 0 is uniquely
optimal for the incumbent, and the incumbent wins, so ﬂwAuv =0 for
all i, Since p is a nondegenerate equilibrium, from Lemma 3.2 it must
be true that MHH.B ~ 11 ¢ A, and hence that 0 < MB =P, But if we
choose ba. = 0 it then follows from the 'only if’ argument of Lemma

3.2 that <5Ama..u|sv >0 = <aAws.w|=v. so p could not be an

equilibrium,

(2): plm,n] { ~A implies that the challenger wins with y = 0, whence
V(p) = 0 which by an analogous argument leads to a contradiction of

the hypothesis that p is an equilibrium. QED

The set of price n—tuples which satisfy this necessary
condition will be of interest later; they are in a sense “closer” to
being in equilibrium than those for which ﬂwva = 0 for some voters,

More precisely,
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Definition 3.4, A price vector p is "near equilibrium” if it is

contained in an open set S on which ﬂwAu.v > 0 for every i, at all

p' € S.
¥e now have

Theorem 3,1, A necessary and sufficient condition for p to be "near

equilibrium” is that _uw_ < a=min (Afm, 1/n[A+p(N)]1) for every i.

Proof If: If the inequality holds then Theorem 1.4 applies. It

follows that a > 0 and x, =a-p > 0, all i is the incumbent’s
unique optimal allocation. Moreover if a = A/m the incumbent wins, so
ﬂwﬁvv =x; > 0, all i, If a ¢ A/m the challenger wins. Since

nm =a > 0 for all i, any coalition C such that #C = m is a minimus—
cost coalition, and any allocation of the form

a fori €C

vy = s
0 otherwise

for any such C, is optimal. Since every i belongs to some such C it
follows that uwﬁuv =a » 0 for all i, Clearly the inequality, and

hence the conclusion V(p') > 0 also holds on some neighborhood of p.

Only If: To prove the converse suppose p is near equilibrium and that
the incumbent wins, but that Py < l>\5. Without loss of gemerality we
can suppose that Py < P, { eee P, (replacing the original p by a
neighboring one, if necessary). p near equilibrium implies <HAuv >0
and hence that Xy > 0 for some optimal allocation x, which again

without loss of generality we can suppose to be of the form x, > 0 iff
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X, + p, = ¢ monuoaonvoAMnoBraaan.»awwumouaotmwaﬁomw-eouwwm

r >m, while if r { m a reallocation of x(N) among {i: 1, > 0} will
create a new optimal allocation of this form). Since the incumbent

wins and { = 1, either a ¢ >\E (if £ { m) or ¢ = >\a (if £ > m). Let
- —
E5 (-1

otherwise., Clearly x'(N) = x(N), and evidently [1,m] is still a

and define a new allocation x' by = 0, u.» =x, + ¢

1]
least—cost coalition, so x optimal implies 0 2 au [1,m] - numu.su =

x (e - p,)
: 1 1 : : :
-a + (m - 1)e, which (wsing ¢ = 7"y = T2 1) ) in turn implies

Py 2 a2 |>\B. a contradiction of the original bypothesis that

p; < |>\a. The alternative hypothesis, that 1 > >\s would lead to a
similar contradiction. Hence, from the indexing, |>\a £ Py £ >\B. all
i. Since the incumbent wins it follows from Theorem 1.4 that
H?;+ME:N>?navggngnFZMB§A<5H?3+HEZVH
a, all i,

The other case, p near equilibrium, challenger wins, is srgued
analogously, leading to the conclusion that _mw_ < 1/nfA + p(N)] =
min (A/m,1/n[A + p(N)]1) = a, Finmally, if _uw_ = a for any i, clearly
the inequality would not hold on any open neighborhood of p; hence p

pality is striot, QED

Note that when p is near eguilibrium the optimal allocations
will be as given in Theorem 1.3. Returning to the equilibria

themselves, we have

Lemma 3.4, Suppose voter preferences respect dominance. If p is a

nondegenerate equilibrium, then
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(1) _f_ <ammin (Afm, (1/0)[A + p(N)]) for all i,

(2 pM < Eb4, and

A
3 aquv {0

Proof (1): From Lemma 3.3 it must be true that uwﬁev > 0 all i,

which from the necessity argument of Theorem 3.2 implies (1) above.

m-1 A
m

(2): From (1) above Theorem 1.4 applies, Hence p(N) >
would imply a = A/m, the incumbent wins, with a strictly postive
A
surplus muAuv = A - x(N) > 0, and his unique optimal allocation is
= - ' = -
x, = >\B Py all i, For some i* let Pie Pie g for some ¢ > 0,
and define p’' = Au»a..bwov. Clearly for sufficiently small & (1) will
still hold, so the incumbent will still win, and his unique optimal
’ = ' = *
allocation x' will be nwo. X4 + e, ¥, x, for i # i*. Hence

<wAN.%nu.v n Nw. > x; = <wAu..wmmv monnuuowﬁwannu.%.n..%..mo<Aw.v

dominates V(p) for i and p counld not be an equilibrium. Hence

m—-1
m

p(N) ¢ A.

1 A in which case (1) and Theorem

(3): From (2) either p(N) =

A - A
1.4 inply 5;(p) = 0, or else P(N) ¢ Bl s, implying s,(p) <O QED

Note that (3) implies, in particular, that either the
challenger wins, or if the incumbent does his surplus is zero. In
view of (1) above and Theorem 1.3, the incumbent’s optimal allocation
will make every minimal winning coalition a least cost-coalition to

the challenger, since #C = m implies nxAnv = a ° m. Thus, if the
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challenger can win, he can do so with many optimal allocations (onme
for each such C), and voter i’'s payoff win be either a > 0 or 0,
depending on whether he happens to belong to the chosen coatition or
not. If p and p’ are two vectors satisfying (1) then i can receive
either zero or a positive payoff in either case, so neither dominates
the other. If a > a', however, he receives a higher payoff whenever
he belongs to the chosen coalition, so there is a semse in which his
payoff under p is conditionally better than that under p'. To put
things more generally, let us define for any payoff vector v € R"® the
set of voters who receive positive payoffs, C(N) = {i: v, > 0}, and
for any set V of such payoffs let (V) = {C(N) : v € V}. Then we
shall say that V conditionally dominates V' for i if (V) = (V') and

i € C(v) = C(v') implies v, 2 <w. for all v EV, v' €V,

Definition 3,5, Voter preferences respect conditional dominance if

>
p ~ p' whenever V(p) dominates, or conditionally dominates, V(p’), for

i
i.

Theorem 3,2, Suppose voter preferences respect conditional dominance.

If p is a nondegenerate equilibriom, then:

(1 lp;l <a=A/w=1/alA+ p(N], all i,

(2) pyy = 2=,

A AA
(3) v,(x,v;p) > 0 all i and 21l x € X(p), y & Y(x;p), and

A
(4) s (p) =0 = uNAvv.



58

Proof (2):

m-1
m

From (1) and (2) of Lemma 3.4, _uw_ < a, all i, and

p(N) £ A, which is equivalent to A/m ) 1/n[A + p(N)] = a.

Suppose the inequality were strict, Themr Theorem 1.4 would imply:
the challenger wins; his optimal allocations are m%"ww =a for i € C,

= (0 otherwise, for some C € N, #C = m}; and hence that the conditional

payoff to any voter i* is a if i* € C, O otherwise, for any such C. 2.

If ww¢. = Pia + g, p' = uw..wa. then for sufficiently small ¢ > 0 it

m~1
m

will still be true that p'(N) < A and Ip, | <a, so by the same

reasoning i*’'s conditional payoff will be a' = 1/n[A + p'(N)] =
1/nfA + p(N) + e] = a+ ¢/n > a if i* € C, 0 otherwise, where again C

ranges over the set of coalitions for which #C = m. Hence V(p')

conditionally dominates V(p), so p would not be an equilibrium. Hence

if p is an equilibrium the inequality cannot be strict, i.e.

. m-1
p(N) = = A

(1): Follows from Lemma 3.4 and (2) above.

(3): From (1) and (2) above and Theorem 1.4 it follows that the

and that his unique optimal allocation is

A

A
X, =a-p; > 0, all i, Hence <wan.%nuv = x

incumbent wins,

i > 0.

(4): Follows from Theorem 1.4 and (2) above. QED
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FOOINOTES

For example, among many others, Downs (1957), Davis and Hinich
(1966), Davis, Hinich, and Ordeshook (1970), McKelvey and

Ordeshook (1970), Kramer (1977), (1978).

The more conventional assumption, originating in Downs (1957), is
that each candidate strives to maximize his probability of
victory, or perhaps his vote share. Pursuit of such goals is
purely instrumental in Downs, however, being only a necessary
step towards the candidate’s ultimate objective of enjoying the
spoils of office, Our assumption that candidates are surplus

maximizers thus more directly incorporates this ultimate goal

into the analysis.

Some indirect but nevertheless suggestive evidence on challengers
versus incumbents is reported by Hershey (197 ). She interviewed
campaign managers and candidates for congressional and statewide
races in Wisconsin during the 1970 election, and found that most
challengers (13 of 16 candidates, 17 of 18 campaign managers)
would be satisfied with a bare, minimal winning coslition

victory, whereas most incumbents (11 of 12 candidates, 10 of 11

campaign managers) would not, and strive for larger marginms.

Compare, for example, Fenno’s description of the early,
"expansionist” stage of a congressman’'s constituency career: "In

the expansionist stage . . . before [his] first election . . .
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the first step is to solidify a primary constituency, a core of
strongest supporters who will carry a primary campaign, if
necessary, and who will, in any case, provide the backbone for a
general election campaign. The second step is to cultivate the
broader re—election constituency by reaching out for additional

elements of support.” (Fenno (1978), pp. 172).

As Murray Kempton puts it, in commenting on LBJ's subsequent
deemphasis of the populist issues on which he campaigned and won
in his first election, "To get elected is to become an incumbent,
and to be an incumbent is to view with more alarm than hope any
attempt to acquaint society’s victims with their greivances.”

(Kempton (1983)).

There are two important qualifications to this: first, the
challenger’s sdvantage arises from the fact that the incumbent
must commit himself first. A challenger who attempted to
directly interject an issue into the campaign himself would
presumably find it difficult to do so without at least implicitly
taking a position on it himself, in which case he would in effect
be making the first commitment, so the incumbent would gain the
advantage. Moreover, a victorious challenger becomes an
incumbent in the next election, and the controversial issue which

helps him now may return to haunt him in the future.

Thurow, however, attributes the problem to the lack of party
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discipline in the United States. In our snalysis both parties
are in effect perfectly disciplined, however; thus our analysis
suggests the problem lies deeper, in the nature of the

competitive electoral process itself.

One exception to this, of course, would be the pure "rent—seeking
society” (Kruger ( )): if there is no private sector there
are presumably no underlying economic inequalities, so equality
in the provision of public benefits will indeed result in social
equality. Expansion of the public sector is thus one way of
reconciling the otherwise conflicting ends of social equality and

the equalization of benefits.
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